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	Fried, Michael N.
	 Plenary lecture
	History of Mathematics in Mathematics Education: Problems and Prospects

	Barbin, Evelyne; Furinghetti, Fulvia; Lawrence Snezana, Smestad, Bjorn
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	The role of the history and epistemology of mathematics in pre-service teachers training

	Bernard, Alain
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	Around Diophantus’s Arithmetica, the exact nature of his project and its interest for mathematics teaching today

	Puig, Luis
	Workshop-3
	Proofs in presymbolic algebra. A preliminary account with implications for education

	Kjeldsen, Tinne Hoff
	Workshop-2
	Does History have a significant role to play for the learning of mathematics? Multiple perspective approach to history, development of mathematical discourse, and the learning of mathematics

	van Maanen, Jan
	Workshop-2
	The teacher as a researcher in the history of mathematics

	Vicentini, Carterina
	Workshop-2
	How can we improve our reasoning?

	Winicki Landman, Greisy  
	Workshop-2
	Promoting a deep discussion about mathematical definitions using historical materials

	Buendía Abalos, Gabriela
	Oral presentation
	The use of periodic property through history: elements for a social epistemology of mathematical knowledge

	Cesar de Mattos, Adriana; Abdounur, Oscar João 
	Oral presentation
	A study of George Boole’s paper: "Exposition of a general theory of linear transformations

	González Redondo, Francisco A.
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	A Model for Theoretical Demarcation, Historical Structuring and Teaching Organization of Scientific Disciplines: The Study Case of Mathematics.

	Grimberg,  Gerard E.
	Oral presentation
	The geometric Representation of complex Numbers and Education

	Mrabet, Slim
	Oral presentation
	Les environnements mathématiques autour du théorème de Thalès

	Nordheimer, Swetlana 
	Oral presentation
	Understanding and facilitating connections in mathematics 

	Rogers, Leo
	Oral presentation
	Concept Maps as Visualisation: their role as an epistemological device for introducing and implementing History of Mathematics in the classroom

	Siller, Hans-Stefan
	Oral presentation
	Modelling in classroom – ‘Classical Models’ (in Mathematics Education) and recent developments

	Tzanakis, Constantinos; Thomaidis, Yannis
	Oral presentation
	Complementary routes to integrate history in mathematics education: In search of an appropriate theoretical framework
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	 Panel discussion
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	Workshop-3
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	Al-Biruni’s trigonometry

	Jankvist, Uffe Thomas
	Workshop-3
	Students’ meta-issue discussions of history of mathematics

	Rogers, Leo
	Workshop-3
	Maps, Narratives and Orientations: The use of Concept Maps for exploring our Mathematical Heritage in the Classroom.

	Tournès, Dominique
	Workshop-3
	Ancient nomograms for modern classroom activities

	Catarino Paula; Costa, Cecilia 
	Workshop-2
	One teaching experiences based on the nonius of Pedro Nunes and the icosian game of Hamilton

	Demattè, Adriano
	Workshop-2
	History and image of mathematics: an experiment

	Eggermont, Hilde;  Roelens, Michel
	Workshop-2
	Defining derivatives, integrals and continuity in secondary school: a phased approach inspired by history

	Hykšová, Magdalena 
	Workshop-2
	Applications of geometric probability through the historical excursion

	Krysinska Mariza
	Workshop-2
	Emergence de la notion de ‘variable’ dans le contexte de premiers modèles fonctionnels

	Morey, Bernadete; Faria, Paulo
	Workshop-2
	The learning of mathematics by a didactical sequence mediated by history of mathematics

	Movshovitz-Hadar, Nitsa; Amit, Batya
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	The History of Mathematics in the classroom - some activities
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	The historical approach of the fundamental concept of measure in the Portuguese Mathematics Textbooks for 5th and 6th grades of Basic Education
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	Klembalski, Katharina
	Oral presentation
	Contribution of cryptography to mathematics teaching 

	Liu, Po-Hung
	Oral presentation
	Evolution of College Students’ Epistemological Views of Mathematics in A History-Based Class

	Montiel Espinosa, Gisela 
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	History in a postgraduate course for in-service mathematics teachers. A strategy to discuss the school trigonometry

	Mpouta, Xara; Nikolakaki, Maria;  Mparalis, George
	Oral presentation
	An effective inter-disciplinary teaching scenario for the teaching of Mathematics: A travel through the first arithmetic systems 

	Rosas Mendoza, Alejandro Miguel;  Pardo Mota, Leticia del Rocío
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	Mathematics for students of Digital Arts and Graphics Design: A historical approach

	Smestad, Bjørn
	Oral presentation
	Making history of mathematics available to teachers – one page at a time

	Vicentini, Carterina
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	“Cauchy in Gorizia”, in the memory of  Giorgio Bagni one year after his passing away

	Grech, Roberta; Grima, Sheren
	Poster
	 Solving the Cubic Equation
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	Glaubitz, Michael
	 Plenary lecture
	The Use of Original Sources in The classroom - Empirical Research Findings 

	Bruneau, Olivier
	Workshop-3
	ICT and History of Mathematics: the case of the pedal curves between the 17th-century and the 19th-century 

	Clark Kathleen
	Workshop-3
	Joost Bürgi’s conception of the logarithm (1620)

	Glaubitz, Michael
	Workshop-2
	Teaching Methods for the Use of Original Sources in the Classroom

	Isoda, Masami
	Workshop-2
	Using historical instruments and interactive e-Textbook for experiencing the interpretation of historical textbooks: What prospective teachers learned through the lesson study project on the context of lesson study

	Lawrence, Snezana
	Workshop-2
	Digitising the past mathematics by the future mathematicians 

	Martignone, Francesca; Maschietto, Michela
	Workshop-2
	Mathematics laboratory with pantographs for geometrical transformations

	Metin Frédéric
	Workshop-2
	Good Old arithmetic

	Morice-Singh, Catherine; Bernard, Alain
	Workshop-2
	About standard proportion rules for commercial transactions in medieval India

	Nuno Silva, Jorge
	Workshop-2
	Pedagogical and Mathematical Games throughout the Times: from Rithmomachia to Hex

	Bruneau, Olivier; De Vittori, Thomas
	Oral presentation
	Inquiry-based mathematics, History and philosophy of mathematics and ICT : an exciting challenge !

	Kiernan, James F. 
	Oral presentation
	The Use of Original Sources in an Undergraduate History of Mathematics Class

	Machado, Rosa Maria; Santinho, Miriam Sampieri
	Oral presentation
	The False-Position on proportional reasoning teaching

	Massa, Rosa;  Guevara, Iolanda; Puig-Pla, Carles; Romero, Fatima
	Oral presentation
	Understanding mathematics using original sources

	Molitorisová, Lenka
	Oral presentation
	Use of History of Negative Numbers in Education

	Pitombeira Carvalho, João Bosco 
	Oral presentation
	Euclid’s  construction of the regular  pentagon

	Schweiger Fritz
	Oral presentation
	The algorithms of Poincaré, Brun, and Selmer

	Sebastiani Ferreira, Eduardo
	Oral presentation
	The Logarithmic Function and the Quadrature of the Hyperbola

	Mendes, Maria José; Morey, Bernadete
	Short Communication
	Introducing Copernicus’ De revolutionibus to trainee math teachers
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	Pisano, Raffaele 
	 Plenary lecture
	Which is the cultural and interdisciplinary role played by physical and Mathematical Sciences? Epistemological Reflection

	Barbin, Evelyne
	Workshop-3
	Mathematisation of nature and new conceptions of curves in the years 1630

	Chorlay, Renaud;  Michel-Pajus, Annie
	Workshop-3
	What can we learn from a 16th Occitan Treatise of Arithmetics?

	Godard, Roger
	Workshop-3
	An anthology of mathematical tools for numerical methods: from 1805 to 1855

	Dimitriadou, Eleni; Tzanakis Constantinos
	Workshop-2
	Geometrical and physical models to introduce vectors in secondary education

	Jahnke, Hans Niels
	Workshop-2
	The Conjoint Origin of Proof and Theoretical Physics

	Kourkoulos, Michael;  Tzanakis, Constantinos; Tsigris, Miltiades 
	Workshop-2
	Enhancing students’ understanding of variance: physical experiments based on a historically inspired model

	Guitart, René
	Oral presentation
	Beginnings of Potential Theory

	Kamrlova, Barbora
	Oral presentation
	Context Learning - Interdisciplinarity in Mathematics and Other Disciplines

	Kimličková, Zuzana
	Oral presentation
	Using the understanding of the history of mathematics as a tool for analysis of mathematical thinking of high school students

	Lefort  Xavier
	Oral presentation
	Les courbes de raccordement au XIXe siècle en technique ferroviaire et routière et l’avènement de la clothoïde aujourd’hui enseignée

	Polo Blanco, Irene
	Oral presentation
	Mathematical models of surfaces: a historical-didactic overview

	Rosas Mendoza, Alejandro Miguel;  Pardo Mota, Leticia del Rocío
	Oral presentation
	Mathematics for students of Digital Arts and Graphics Design: A historical approach
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	Moyon, Marc
	 Plenary lecture
	Practical Geometries in Islamic Countries: the example of the division of plane figures

	Bjarnadóttir, Kristín;  Heeffer, Albrecht
	Workshop-3
	Word problems as mediators of mathematical knowledge between cultures

	de Vittori, Thomas
	Workshop-3
	Al-Sijzī's perfect compass : conics, movement and foundations of mathematics in the 10th century (and after...)

	Delire, Jean Michel
	Workshop-3
	Ecriture symbolique et algèbre dans les mathématiques indiennes, d’Āryabhaţa I (Ve siècle) à Bhāskara II (XIIe siècle);Symbolic writing and algebra in Indian mathematics, from Āryabhaţa I (Vth century) à Bhāskara II (XIIth century)

	Moyon, Marc
	Workshop-3
	The mediaeval geometries: a way to use the history of mathematics in the classroom of mathematics

	Siu, Man Keung
	Workshop-3
	Inscribed square in a right triangle 

	Assarzadegan, Narges
	Oral presentation
	Historical Recreational math in math education

	Costa, Cecilia; Maria Manuel da Silva Nascimento; Catarino Paula; Fernandes,  Rui
	Oral presentation
	The yoke: (ethno)materials for math classes

	Rohrer, Verdugo
	Oral presentation
	The Concept of Beauty among Makonde Sculptors, an Ethnomathematical Research

	Siu, Man Keung
	Oral presentation
	1607, a year of (some) significance : Translation of the first European text in mathematics --- Elements --- into Chinese

	Rosas Mendoza, Alejandro Miguel
	Poster
	Infinite Series before algebra and calculus
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	Koth, Maria
	 Plenary lecture
	On the historical development of mathematics curricula und final exams at Austrian secondary schools since 1850 

	Bjarnadóttir, Kristín
	Workshop-3
	Arithmetic textbooks in 18th century Icelandic manuscripts

	Grimberg, Gérard E.; Pitombeira, João Bosco; Roque, Tatiana 
	Workshop-3
	The relationship between research on analysis and its university teaching by the end of 19th century in France

	Moussard, Guillaume
	Workshop-3
	La place des problèmes de constructions géométriques dans les ouvrages d’enseignement des Mathématiques au 19e siècle en France.

	Abdounur, Oscar João;  Rodrigues Valente, Wagner;  Mattos Marafon; Adriana
	Oral presentation
	The European and North American universities role in the formation of the Brazilian universities: the case of the University of São Paulo

	Antunes Dias, Nuno Miguel
	Oral presentation
	An analysis of the mathematical education in Portugal in the late eighteenth century

	Catarino Paula; Costa, Cecilia 
	Oral presentation
	A survey on the Portuguese Mathematician José Morgado Júnior: life and work

	Christiansen, Andreas
	Oral presentation
	Bernt Michael Holmboe’s textbooks and the development of mathematical analysis in the 19th century

	Costa, Cecilia; Pereira, Edgar; Vitória, José
	Oral presentation
	Teaching Linear Algebra in the Portuguese Universities I: The case of University of Coimbra

	Furinghetti, Fulvia; Giacardi, Livia
	Oral presentation
	Events and Protagonists in the History of ICMI

	Giacardi, Livia
	Oral presentation
	La formation des enseignants en Italie dans la première moitié du XXe siècle

	Gropp, Harald 
	Oral presentation
	Julius Ruska - a forgotten historian and pedagogue of science?

	LEPKA, Karel 
	Oral presentation
	Alois Strnad-teacher and organizer of writing competition on mathematics in Czech countries

	Matos, José Manuel;  Almeida Mária
	Oral presentation
	Shaping a modern mathematics pedagogical content knowledge: the case of Telescola in Portugal in the middle 1960s

	Mota, Catarina
	Oral presentation
	The concept of tangent line: historical and didactical points in its teaching in Portugal
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Theme 1

Plenary lecture
History of Mathematics in Mathematics Education: Problems and Prospects

Michael N. Fried

Ben Gurion University of the Negev, Israel

mfried@bgu.ac.il

If history of mathematics is viewed only as another tool in mathematics educators' arsenal, it must be subordinated under aims not necessarily its own.  And to the extent those aims are determined by the (perfectly legitimate) need to teach students modern mathematics or mathematics as it is used in modern scientific or technological contexts, history of mathematics may be forced to serve aims not only foreign to its own but even antithetical to them; history will thus tend to become Whiggist in character.  The tension between the aims of history of mathematics and other aims in mathematics education must be confronted if one wishes to embrace the history of mathematics not as a tool but as an inquiry important in its own right.  My talk will suggest that this may involve redefining our general goals for mathematics education more than the concrete ways in which we bring history of mathematics into the classroom.  

*******************************
Panel Discussion
The role of the history and epistemology of mathematics in pre-service teachers training

Evelyne Barbin (coordinator), Centre François Viète, Université de Nantes, France, evelyne.barbin@wanadoo.fr
Fulvia Furinghetti, Dep. of Mathematics, University of Genova, Italy, furinghetti@dima.unige.it
Snezana Lawrence, Education Department, Bath Spa University, Culverhay Campus, UK, snezana@mathsisgoodforyou.com
Bjørn Smestad, Oslo University College, Oslo, Norway, bjorn.smestad@lu.hio.no
In the first part of the discussion, we will examine the general context and the institutional organization of teachers training in four countries: France, Great Britain, Italy and Norway. The two major questions will be: how is (pre- and in-service) teacher training conceived? What is the official place of history and epistemology in this training?

In the second part of the discussion, each participant will present his/her conceptions on the role played by history and epistemology in teacher training: At what level? With what goals? For which purpose? With what kind of (theoretical or methodological) approachs and practices? etc. Then each participant will develop one or two concrete examples in which he/she is involved. The questions will be for each participant: is it easy or not to realize his/her conceptions and goals? What are the new perspectives for  the future?

*******************************
Workshop-3
Around Diophantus’s Arithmetica, the exact nature of his project and its interest for mathematics teaching today
Alain Bernard

Université Paris 12 (IUFM) & EHESS (Centre Alexandre Koyré), France

alainguy.bernard@orange.fr

Diophantus’s Arithmetica is one of the most puzzling texts we kept from ancient Greek mathematics. Besides the fact that nothing is known of his author, not even the precise period in which he lived, the very nature of the project underlying this work is unclear. It has often been interpreted as an early work in algebra, beginning with some of the Arabic mathematicians that identified Diophantus’s techniques as algebraic ones and therefore viewed him (eventually) as an algebraist. Indeed, Diophantus’s work looks like algebra in many respects, most notably the use of a scale of unknowns (with their special, abbreviated designation) and the techniques used to solve the equations obtained within the treatment of the problems. But it is also unlike what is familiar to modern algebraists, for Diophantus puts very little emphasis on the equation within the treatments of problems he proposes and gives much more importance to the arithmetical problems themselves or to the numbers satisfying them. These questions are made still more complicated by the fact that we have no contextual interpretation of this work that would be really convincing, in spite of notorious attempts to do so like Tannery’s or Jakob Klein’s; therefore, the interpretation of Diophantus is inevitably distorted by the various layers of historical interpretations that have made this work a part of the progressive constitution of modern algebra. 

In the workshop, I shall present a new interpretation of Diophantus’s work, the product of an intensive cooperation between myself and Prof. Jean Christianidis (univ. of Athens). The result is an interpretation of the coherency of Diophantus’s project taken as a whole that makes reasonable sense of it without any appeal to the later tradition(s) of algebra. For this purpose, we have developed an accurate and contextualized characterisation of key concepts in Diophantus (like ‘problem’, ‘solution’, ‘positions’, ‘invention’) as well as special analytical tools for the analysis of particular problems that I shall present in the course of the workshop. I hope to show that they are useful to enter the ‘spirit’ of Diophantus’s approach to invention in arithmetical problems. 

I will put much emphasis on one key aspect of this approach, namely the fact that it amounts to a clever and systematic process of translation of the indeterminate terms of a given problem within the terms of the arithmetical theory presented in the preface. While this process is of central importance in Diophantus, my personal feeling is that it tends to be neglected, if not completely ignored, in modern mathematical teaching. Most often, the problems available for study are given in such a way, that only simplistic choices for the unknown are suggested, when they are not just imposed on the students: this only suggests to them that this choice is of no real importance or even that there is no choice at all. I hope, therefore, that the confrontation with Diophantus will lead the participants to raise for themselves important questions about the modern practice of (algebraic) problem-solving.

*******************************
Workshop-3
Proofs in presymbolic algebra: A preliminary account with implications for education

Luis Puig

Departamento de Didáctica de las Matemáticas, Universidad de Valencia, Valencia, Spain

luis.puig@uv.es
In a survey of pre-symbolic algebraic texts, we have found proofs which roughly speaking could be classified in three types that we call “naïve”, “geometric”, and “algebraic”.

We call “naïve”, proofs whose argument relies on a lettered geometrical figure and a discourse that refers to what is seen in the figure, to actions of cutting and pasting on the figure, and to relations between parts of the figure. The warrant for the truth of what is said is what is seen on the figure, without casting any doubt on the sight.

This way of working with geometrical figures corresponds in some sense with the Iamblichus account of pre-euclidean geometry as a historiē (Ιστορίη) of shorts, an empirical investigation of the properties of geometric figures based on sight. However, the geometric figures that could appear in the text of the Elements are no longer the object of the study of Euclidean geometry, but rather signs that stand for the geometric objects whose possibility of construction is postulated. Indeed, Euclides defines the objects of geometry by separating them from the visible properties of geometric figures drawn on the ground, as means of organizing them (“A point is that which has no part”, I, 155; “A line is breadthless length”, I, 158) Hence, these definitions have to be accompanied by a postulate of the very conditions of the discourse within which the reader must dialogue. Furthermore, the properties of these objects cannot be examined by cutting and pasting the geometric figures, unless the critique of this empirical procedure has been established. The properties of these objects are not revealed by plain sight, but rather each demonstrated proposition builds a new sense for the objects involved; each proposition accepted by the community of mathematicians institutionalises this sense as meaning, as a unit of content culturally established.

Consequently, we used the name “geometric” for proofs in algebra whose warrant no longer is what is seen in the figure, but theorems from Euclid’s Elements.

In this sense, al-Khwārizmī’s proofs of the algorithms for solving the composed second degree equations are “naïve”, as well as Ibn Turk’s proofs, and Thābit ibn Qurra, Abū Kāmil or cUmar Al-Khayyām are “geometric”.

However al-Khwārizmī does not use any figure to prove the algorithms for solving the simple ones. He just says: “I have shown its inference and its necessity”. And he further resort to this kind of explanation when dealing with operations on polynomia, explicitly stating that the semiotic means used to warrant the truth are the (algebraic) expressions: “As regards its necessity, it is clear by words (al-lafẓ, expression)”. This kind of proofs is found in Al-Karajī and cUmar Al-Khayyām, along with the “geometric” ones, and is fully treated by As-Samaw’al and Ibn Al-Ha’im. We call it “algebraic” proofs, and they are characterised by the fact that geometrical figures are no longer involved in the proofs, which use the pre-symbolic algebraic expressions as the only semiotic mean.
Back to the top
*******************************
Workshop-2
Does History have a significant role to play for the learning of mathematics? Multiple perspective approach to history, development of mathematical discourse, and the learning of mathematics

Tinne Hoff Kjeldsen
IMFUFA, NSM, Roskilde University, Roskilde, Denmark

thk@ruc.dk
Recent emperical research shows that if history as a ‘goal’ is part of the mathematics curriculum, high school students are able to engage in genuinely historical discussions in ways that connect to the mathematical content (Jankvist,2009), but the question whether history benefits students’ learning of mathematics has not yet been thoroughly investigated. Fried (2001) has argued, that history becomes either trivialized or anachronical when used as a tool for the learning of mathematics, and if a genuinely historical approach is taken, the teacher ends up spending time on things that are not part of the mathematics curriculum. In (Kjeldsen, forthcoming) I have argued, that this dilemma can be resolved by adopting (1) a multiple perspective approach to the history of the practice of mathematics, and (2) a competency based understanding of mathematics education. In this paper, I will go a step further and suggest that history might have a much more profound role to play for the learning of mathematics. This suggestion is based on Sfard’s (2008) communication theory of learning. Sfard distinguishes between object-level rules and meta-discursive rules. The object-level rules have the content of the discourse as object whereas meta-discursive rules have the discourse itself as object. The meta-discursive rules are often tacit. They are implicitly present in discursive actions when we e.g. judge if a solution or proof of a mathematical problem or statement can count as a proper solution or proof. The meta-discursive rules are connected to the object-level of the discourse and have an impact on how participants in the discourse interpret its content. As a consequence, developing proper meta-discursive rules are indispensable for the learning of mathematics. This means that an essential aspect of mathematics education is to create teaching and learning situations where meta-discursive rules are elucidated – and here, history of mathematics seems to present itself as an obvious strategy. Because of the contingency of meta-discursive rules, these rules can be treated at the object level of history discourse and thereby be made into an explicit object of reflection – something that cannot be done within mathematics itself, unless in specialised courses on the foundation of mathematics. Hence, history might have a significant role to play for the learning of mathematics, precisely because meta-discursive rules can be treated as objects of historical investigations. This, of course, presupposes a genuinely approach to history. It will be argued, that within a multiple perspective approach to the history of the practice of mathematics and by using historian of mathematics’ tools, such as the idea of epistemic configurations, original sources can be used in mathematics education to have students investigate and reflect upon meta-discursive rules. To present some empirical evidence, project-works on history of mathematics at university level are analysed with respect to students’ reflections about meta-discursive rules. A proposal for a matrix-organised design for how such an approach to history of mathematics for investigating meta-discursive rules might be – but has not yet been – implemented in high school, will be presented as well. 

Fried, M. N. (2001). Can mathematics education and history of mathematics coexist? Science & Education, 10, 391-408.

Jankvist, U.F. (forthcoming): Evaluating a Teaching Module on the Early History of Error Correcting Codes, in Proceedings 5. International Colloquium on the Didactics of Mathematics, M. Kourkoulos & C. Tzanakis (eds.), Rethymnon: The University of Crete, (in press).

Kjeldsen, T.H. (forthcoming): A multiple perspective approach to the history of the practice of mathematics in a competency based mathematics education: history as a means for the learning of differential equations. To appear in Katz, V., & Tzanakis, C. (eds.). Recent developments on introducing a historical dimension in mathematics education, to be published in 2010.

Sfard, A. (2008). Thinking as Communication. Cambridge: Cambridge University Press.  
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Workshop-2
The teacher as a researcher in the history of mathematics
Jan van Maanen

Freudenthal Institute, Utrecht University, Utrecht, The Netherlands

maanen@fi.uu.nl

A mathematics teacher has the potential to be a good researcher in the history of mathematics. A researcher should have a broad knowledge in mathematics, and should be interested in the various ways in which mathematical problems can be solved and mathematical theory can be developed. It would be even better if the researcher has, next to the mother tongue, one or more other languages. Knowledge of the classical cultural languages would be even better, but with translated editions of sources one can already do important historical research. 

The other way round, the same kind of claim holds: someone who does, or has done research in the history of mathematics, could make a good mathematics teacher. This person has an open eye for the strange routes along which mathematics grows, and can apply this attitude also in fostering the growing young mathematician. Moreover this person has a broad cultural knowledge of mathematics, knowledge which supports motivation to learn mathematics. Mathematicians had a reason to create new mathematics. New theory solved the problem on which some of them had worked for years. Knowing the problem behind the theory can help students understand why it is important to learn the theory. It can also elucidate the internal structure of the theory.

The claim behind the workshop is therefore:

Research in the history of mathematics is a valuable and attractive activity for mathematics teachers, and it has a strong professional development effect on them.

The workshop consists of several elements:

1. a short introduction about the rationale behind this claim

2. presentation of results of research done by teachers 

3. plenary discussion, with the purpose to strengthen the rationale and to refine the ‘picture’ by have input about the situation in various countries

4. brainstorm in small groups about historical topics that would make a good research subject for teachers

5. plenary inventory of research topics and making up some general conclusions. 

As background material, some (passages from) research publications from the Netherlands will be provided, which will support the presentation listed under 2.
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Workshop-2
How can we improve our reasoning?

Caterina Vicentini
Istituto d’Arte «Max Fabiani», Gorizia, Italy

caterina.vicentini@alice.it

Normally mathematicians and mathematics teachers think that it is sufficient to know logical rules to improve our reasoning abilities, but this doesn’t explain why we can observe the occurrence of systematic errors in reasoning. Here’s an example. We have to select the evidence to find whether a general claim about four cards is true or false:

If a card has an “A” on one side then it has a “2” on the other side.

The four cards are laid out in front of us: A, B, 2, and 3, and we know that each of them has a letter on one side and a number on the other side. Given that task, we have to select the minimum number of cards to turn for knowing  the right answer and chose which ones they are. Only the 10% of the population gives the correct answer, that is: it is sufficient to turn the “A” card and the “3” card. Usually people tend to select the “A” card  and the “2” card. They fail to see the relevance of the “3” card. But, if this card has a A on the other side, the general claim is false. 

After this experiment, Peter Wason and his student Philip Johnston-Laird started some research to try to understand why people went wrong.  Their claim was that the content of a claim has an influence on the way people reason. This conjecture is contrary to Piaget’s claim the we master logic in childhood.

Wason went ahead with his experiment. He used a general claim about journeys:

Every time I go to Manchester I travel by train.
30% of people realized that a journey by car was pertinent to the truth or falsity of the claim about journeys. A change in content alone had a sticking effect on reasoning, even though the two sorts of contents had the same logical form. These findings were embarrassing for the formal theory. 

After several experiments, Wason and Johnston-laird claimed that when we reason, we construct mental models of situations, and we use those models to represent possibilities. Following this new theory Logics an essential tool for all sciences, but is not a psychological theory of reasoning. 

The explanation for the systematic errors in our reasoning is, following the Model Theory, that we aren’t so able to represent the false, i.e. we tend to mentally represent only the truth.

In my workshops I will let you exert yourself on the same examples I gave to my students (from 14 to 19 years old) taken from the book “How we reason?” or invented by myself and I will teach you some techniques I taught them in order to be sure to represent the complete model of a situation including the model of false in our reasoning. In this way we manage to avoid systematic mistakes.
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Workshop-2
Promoting a deep discussion about mathematical definitions using historical materials

Greisy Winicki Landman

California State Polytechnic University, Pomona California, USA

greisyw@csupomona.edu

Using several historical sources, pre-service secondary school mathematics teachers were invited to analyze the definitions of some mathematical concepts. In a similar way as described in Winicki-Landman (2006), by comparing and contrasting the definitions of selected mathematical concepts provided by historical texts, the students were asked to formulate questions and to share their thoughts, for example, about the partitioning or the hierarchical approach chosen by each author, or the definitions consistency with their own experience using constructions with dynamic geometry software (Furinghetti & Paola, 2002). 

Provided with historical sources as Euclid's Elements, Legendre's Elements of Geometry and Trigonometry, Hilbert's  Foundations of Geometry and Sanders' Elements of Plane and Solid Geometry

students examined, reflected on and discussed some of the main logical and pedagogical issues embedded in a definition. The definition as a mathematical object as well as the process of defining were analyzed. Possible implications for their futures teaching were stressed by the students as this experience helped them become more aware of the role played by definitions in the learning of mathematics. They may have also deepen their mathematical knowledge and develop an appreciation of the mathematical discourse as an evolving one, a discourse that, sometimes, is shaped by fashions. 
In this session, the participants will be presented with a similar task and based on our diverse working and educational experiences, we will discuss our perspectives. 

References
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Oral Presentation
The use of periodic property through history: elements for a social epistemology of mathematical knowledge

Gabriela Buendía Abalos

CICATA-IPN, México DF, México

buendia@ipn.mx, buendiag@hotmail.com

Periodicity is a concept present in the development of scientific thought. Starting with pattern observation, human beings are capable of abstracting this property in order to generate scientific knowledge. Examples of the use of periodic property while developing scientific knowledge are numerous: Pannekoek (1961) identifies the systematic observation of celestial bodies’ periodic behavior as the origin of astronomy as a scientific activity; North (1983) points out periodicity as the property which favors an analysis of the analogies between different physical phenomena. It  turns out to be a property that sprung from the everyday individual experience (the year seasons, night and day), it enters into school mathematics from the very beginning (pattern recognition, periodic decimal numbers) and goes through several scholar disciplines (physics, calculus, differential equations) which all form part of the scientific student culture. 

The historic review about periodic property (Buendía and Cordero, 2005) has shown a relation between the significant use of this property and the development of prediction tasks but these tasks are totally dependant on socio-cultural paradigms. We found that, for example, the first time periodicity was treated as a function property was in Euler’s work because it was necessary to give certain formal analytic structure to the concept of function. Before that, the use of periodicity was more in a geometrical sense as in Hooke’s work and after that moment, periodicity became a possible property for all kind of function thanks to Fourier’s work.  

These situational uses of periodic property favors the development of  mathematical knowledge and this could be possible only if periodicity is understood not only as a certain object property, but as a property qualifying certain object behavior. This recognition is enhanced by the intentional exercise of predicting practices, usually forgotten by the teaching strategies which are seeking only to prove the compliance of the periodic property seen as the compliance of the equality  f(x) = f(x+p).
Our proposal is history as a source of information about why we do what we actually do referring to mathematical knowledge, that is, a socio-epistemological research to find what constitutes mathematical knowledge (Cantoral and Farfan, 2003).  Those findings constitute an epistemology of practices so now these practices could be re-interpreted to influence the educational system in a more meaningful way. 
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A study of George Boole’s paper: "Exposition of a general theory of linear transformations

Adriana Cesar de Mattos
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This paper is about the study of George Boole publication "Exposition of the General Theory of Linear Transformations" in 1841. It is part of a research about the process of recognition in the History of Mathematics. The period, local and theory fixed are respectively nineteen century, England and Invariant Theory. 

In the History of Mathematics if we seek the "reason for" British Algebra of the nineteenth century, certainly we would find two names: Joseph Sylverster and Arthur Cayley and the Invariant Theory. If we look at the works of historians of mathematics the begging of this theory converges to the Boole’s paper. They argue that this theory has expanded in the English scenery after Boole’s publication, providing the basis for both Cayley and Sylvester, then the propose is the study of Boole’s work (1841) precisely because it is considered the beginning of this theory. 

According to Crilly (1986), Parshall (2006, 1998) and Fisher (1996) the Boole’s  paper persuaded Cayley and Sylvester to focus to the new subject, it was their motivation. They, especially during 1850 to 1856, built the foundation of the British Algebra, they  “…put the Britain on the international map algebraically” (Parshall, 1998, p.186) (…) “… the area of algebraic research that dominated the British mathematical scene was Invariant Theory”(p.188).  

This publication is not the single reference to its origin but certainly had a prominent role in enhancing and developing of it in England.  

The base of the study is mainly the "Exposition of the General Theory of Linear Transformations" and also papers from Crilly (1986), Parshall (2006,1998) and Elliot’s book (1895). 

It is important the study of the “reason” or “direction” of an imperative area, called nowadays Algebra, mainly to make understandable why and how the subject became part of our culture, e.g., algebra spread out as part of mathematics curriculum, therefore this study concerns to the Mathematics Education.   
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A Model for Theoretical Demarcation, Historical Structuring and Teaching Organization of Scientific Disciplines: The Study Case of Mathematics

Francisco A. González Redondo
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In this Presentation, a historical model is introduced for the analysis of the historical evolution of the different disciplines until they reach a real scientific nature, taking Mathematics as starting point. Two categories, “Prehistory” and “Protohistory” are introduced and applied for the organization both of the History of the Sciences and their Teaching.

Today we could define ‘Mathematics’ as ‘the set of the existing mathematical theories’, and understand a ‘mathematical theory’ as ‘a field of mathematical knowledge axiomatic-deductively organized’. In the teaching of Mathematics at Primary and even Secondary School levels, do we teach Mathematics? In other words, do we present Mathematics at the same level as we do at University? Is it ‘the same Mathematics’? Is it not more precisely Pre-Mathematics or, at most, Proto-Mathematics?

In general we could define any ‘Science’ as ‘the set of the existing theories pertaining that particular science’, and understand a ‘scientific theory’ as ‘a field of scientific knowledge scientifically organized’. In the teaching of any particular Science at Primary and even Secondary School levels, do we teach scientifically that particular Science? In other words, do we present Sciences at the same level as we do at University? Is it ‘the same Science’? Is it not more precisely Pre-Science or, at most, Proto-Science?

In the teaching of the History of Mathematics at Teacher Training Degree a problem arises. Can the amazing world of Mesopotamian or Egyptian mathematical contribution be considered ‘scientific Mathematics’? Are Chinese or Mayan mathematical discoveries ‘scientific Mathematics’? When can be really talk about Mathematical Science? Are Thales or Pythagoras the first persons who wrote ‘scientific Mathematics’? Should we wait until the first Elements were compiled in order to say that ‘Mathematical Science’ was born? According to the historical material preserved, should Euclid’ Elements, i.e. the first axiomatic-deductive organization of mathematical knowledge, be considered the first Mathematical treatise? Should Euclid be considered the first

The same questions arise when we teach the History of any particular Science. When did Geology, or Biology, or even Physics become real ‘Sciences’? Until when they were more precisely ‘Proto-Sciences’? Until when they were only at ‘Pre-historical levels’? What kind of Physics (or Biology, or Geology) do we teach at Primary or Secondary School levels? Is it not more precisely, and respectively, Pre-Physics and Proto-Physics (or Pre and Proto-Geology, Pre and Proto-Biology) that real Physical Science?

In short, through the recourse to the case of Mathematics, a model is presented for the Theoretical Demarcation, Historical Structuring and Teaching Organization of any Scientific Discipline.
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Oral Presentation
The geometric Representation of complex Numbers and Education

Gerard E. Grimberg
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In this presentation we will try first to emphasize the diversity of conceptions that led mathematicians towards the end of the 18th and the beginning of the 19th to develop a geometrical representation of the complex numbers. This part will be based, both on recent works and on a personal reading of historical sources. 

We'll discuss in a second time the way in which these various conceptions were divulgate among the mathematicians by publications and the importance that the geometric representation of complex took at this time in certain disciplines of mathematics and physics.  

A third part is intended to show the importance of this historic work for the teaching of complex numbers. The teaching of complex numbers must use this plurality of views through the history of mathematics in order to be not a simple succession of results that students should learn, but an activity, which forms the students’ mind to think the mathematical concepts in the diversity of their meanings.
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Oral Presentation
Les environnements mathématiques autour du théorème de Thalès
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Tout au long de l’histoire des mathématiques et de son enseignement, le théorème de Thalès a changé de statut: parfois théorème, parfois axiome, parfois simple propriété. Sous une même terminologie, plusieurs énoncés et figures peuvent être proposés. Avec des distances, des mesures algébriques ou des vecteurs, avec des types de figures divers, le théorème de Thalès peut avoir des fonctionnalités différentes. Dans cette intervention, nous tentons d’analyser le théorème de Thalès comme objet d’enseignement qui a traversé toutes les réformes qui se sont succédé, et de prouver que les formulations et les figures qui l’ont caractérisé lui ont définit des champs mathématiques divers. Ainsi, nous inscrivons le choix d’un énoncé et d’une figure du théorème de Thalès par rapport à d’autres dans un cadre plus large, celui de l’environnement mathématique dans lequel ce théorème évolue, ce qui renvoie à la question de l’axiomatique suivie dans l’organisation des thèmes de géométrie enseignés. Il faut dans un premier temps voir ce qu’il en était de ce concept dans l’histoire pour discuter de la pertinence des environnements mathématiques qui lui correspondent dans l’enseignement.

Le but de l’étude historique que nous menons serait de trouver des modèles d’organisations mathématiques autour du théorème de Thalès qui peuvent servir de références pour analyser l’enseignement de ce concept. Nous commençons par catégoriser ses énoncés en nous basant sur des résultats fruits de recherches en didactiques comme ceux de Brousseau (1995)  ou de Duperret (1995). Après, nous comptons analyser son évolution dans des traités historiques qui ont marqué l’histoire des mathématiques à partir des diverses approches avec lesquelles il est présenté, des environnements mathématiques dans lesquelles il évolue, et des différentes figures qui le caractérisent. Certains obstacles épistémologiques qui ont perduré durant des siècles nous semblent incontournables à citer, comme l’étude des segments incommensurables et la conception de la droite réelle « sans trous ». Nous choisissons d’analyser les Eléments d’Euclide et les traités d’Arnauld, de Legendre et d’Hadamard. Notre choix tient compte de la diversité des conceptions de l’enseignement de la géométrie chez ces auteurs, et sert à montrer qu’à travers les époques, le théorème de Thalès a été au cœur de la problématique de l’évolution des conceptions de la géométrie, de l’abandon des traditions héritées d’Euclide qui ont résisté durant plusieurs siècles et de l’avènement des transformations et des aspects calculatoires provenant des vecteurs et de l’algébrisation de la géométrie qui sont préférés à la géométrie des configurations.

Dans la conclusion, nous proposons quelques suggestions visant à offrir au théorème de Thalès un environnement cohérent lui permettant en particulier de jouer le rôle de charnière entre la géométrie du collège et celle du lycée.
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Oral Presentation
Understanding and facilitating connections in mathematics

Swetlana Nordheimer
Rudower Chaussee 25, 12489 Berlin, Raum  2.310, Germany
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For nearly 20 years, the National Council of Teachers of Mathematics (1989, 2000) has recommended that teachers facilitate that pupils recognize and use connections among mathematical ideas. This statement is consistent with developments in mathematical education globally.  Combination of epistemological and sociological approaches like  those of Heintz to describe connections in mathematics as a science, provides useful lenses for examining ways that teachers may facilitate the making of connections, for instance between school mathematics and everyday life of pupils or between different branches of mathematics: geometry, algebra and stochastic. 

In order to deepen the approach of Heintz the author starts with presenting her own network analysis of ZMATH Online Database. The significance of the network analysis lies in that it allows to methodologically grasp and to visualize the interdependence of social and epistemological aspects of making connections in mathematics as a science. The author then goes on to drawing conclusions for facilitating connections in the mathematical classroom by constructing chapter-spanning review as a special teaching method. On the basis of diverse examples of application from different school types and mathematical topics, the transfer to the practice of mathematical education is established.
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Oral Presentation
Concept Maps as Visualisation: their role as an epistemological device for introducing and implementing History of Mathematics in the classroom

Leo Rogers

Department of Education, University of Oxford, Oxford UK 
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A Concept Map is a graphical multi-layered and flexible metacognitive tool for organising and representing knowledge. Various forms of concept map have been developed for use in teaching (Novak and Godwin 1984; Buzan and Buzan 2006) and in particular (Burke and Papadimitriou 2002). The ability to construct such maps, particularly in a virtual environment, allows the juxtaposition of ideas and the creation of new connections. Visualisation of such possibilities has a powerful epistemic facility capitalising on the creative pedagogical potential of the teacher and the potential engagement of the learner (Arcavi, 2003; Giaquinto, 2007). This presentation will describe the use of such maps in the mathematics classroom and offer a theoretical basis for practical intervention allowing many points of entry into historical material that supports the cognitive, affective and operative engagement with mathematical learning.
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Modelling in classroom – ‘Classical Models’ (in Mathematics Education) and recent developments

Hans-Stefan Siller
University of Salzburg, Salzburg, Austria
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The influence of modelling in mathematics education is gaining in importance since applied mathematics has become popular in classrooms again. Today it is one of the most challenging topics for teachers and students in school. The extraordinary part of such modelling tasks in classroom is traversing the modelling cycle: therefor questions have to be formulated; data has to be found and connected to an appropriate model, so that conclusions could be drawn by certain interpretations. 

In particular by taking ‘classical models’ into account in education, e.g. models in / of financial mathematics or applications in trigonometry, the idea of modelling in classroom can be shown as a traditional aspect in mathematics education with a long history. 

Considering this idea mathematics can be shown as a useful and applicable instrument in daily life to students, like Freudenthal, Krygovska, Pollak or Steiner stated it in 1968 at the conference “How To Teach Mathematics so as to be Useful”.
*******************************
Oral Presentation
Complementary routes to integrate history in mathematics education: In search of an appropriate theoretical framework
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It is well known that in the last decades, there is a worldwide growing interest in integrating the history of mathematics (HM) in mathematics education (ME). Several attempts on a small or large scale have been made, education material has been produced, empirical research has been conducted and methodological schemes have been described & implemented and arguments for this integration have been put forward, partly to refute existing possible objections and partly to enhance the interest of the ME community in this direction.

For a long time, there were no coherent theoretical ideas and framework, where all these activities could be placed, seen and compared. A serious attempt in this direction is the comprehensive ICMI Study volume (Fauvel & van Maanen 2000), but further important work followed as well: 

Recently, Jankvist (2009a, b, c) has reconsidered the general arguments for and against HM in ME (the why’s in his terminology) and methodological schemes (the how’s), introducing respectively two interesting classification criteria, namely (in his terminology):

· To classify the why’s according to whether history appears as a goal, or as a tool, with emphasis on “meta-perspective” issues, or “inner” issues, respectively.

· To clarify the how’s according to a 3-level distinction of the possible implementations: illumination approaches, modules approaches and history-based approaches.

Quite independently, Grattan-Guinness (2004a, b) has introduced the distinction between “history” and “heritage”, as two distinct concepts to interpret mathematical activities and their products. This is an important conceptual tool to revisit the issue of “which history is appropriate to ME?” (see e.g. Barbin 1997), in an effort to clarify existing conflicts and tensions between a mathematician’s and a historian’s approach to mathematical knowledge. Grattan-Guiness (2004b) gives several examples by contrasting the general characteristics of the two concepts. As far as the introduction of a historical dimension in ME is concerned, the distinction between history and heritage is close to similar distinctions that have been put forward in the past, like explicit & implicit use of history, direct & indirect genetic approach, forward & backward heuristics (see Fauvel & van Maanen 2000, ch.7, §7.3.2, pp.209-210). Hence, this distinction is potentially of great relevance to ME (as Grattan-Guiness himself points out; see also Rogers 2009), serving - among other things - to contribute towards answering the recurrent question “Why history is appropriate to be used for educational purposes?”

History and Heritage should be seen as complementary ways to approach and understand mathematics as a human activity, in the sense that none of them, taken alone, can lead to an exhaustive understanding of what (a specific piece of) mathematics is
. Similarly, Jankvist’s classification schemes should be seen as complementary ways to classify the arguments and the methodological approaches to introduce a historical dimension in ME.

In this presentation, an attempt will be made to connect the above ideas, hopefully bringing the “history” & “heritage” distinction closer to ME, at the same time sharpening and clarifying the classification of arguments for/objections against and methodological approaches to HM in ME. 
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***********************************************************************************
Theme 2

Plenary Lecture
An implementation of two historical modules: outcomes and perspectives

Uffe Thomas Jankvist

Roskilde University, Universitetsvej 1, 4000 Roskilde, Denmark
utj@ruc.dk
Distinguishing between two different uses of history of mathematics in mathematics education (history as a tool to enhance the inner issues – in-issues – of mathematical topics, concepts, methods, etc.; and history as a sort of goal, in the sense that it is considered a goal to teach students something about the historical development of mathematics, its influence on society and culture as well as the other way round, and the fact that mathematics is a human endeavour and the development of mathematics therefore likewise – that is to say some of the more meta-perspective issues – meta-issues – of mathematics) the present presentation concerns an empirical investigation of the use of history as a goal. More precisely two longer historical teaching modules were designed and implemented in a Danish upper secondary mathematics class in order to answer the following research questions:

1. In what sense, to what extent, and on what conditions is it possible to have upper secondary students engage in meta-issue discussions and reflections of mathematics and its history in terms of ‘history as a goal’?

2. In what sense and on what levels may an anchoring of the meta-issue discussions and reflections in the taught and learned subject matter (in-issues) be reached and ‘ensured’ through a ‘modules approach’?

3. In what way may teaching modules focusing on the use of ‘history as a goal’ give rise to changes in students’ beliefs about (the discipline of) mathematics, or the development of new beliefs?

In the presentation I shall mainly focus on the two first questions, displaying data from the implementation of the teaching modules to support possible answers to these. This involves also, for example, a discussion of certain design principles for using history in mathematics education. The third question shall only be touched upon briefly, outlining the main results.

The above mentioned research will be related to the body of empirical research already available in the field of using history in mathematics education, thereby also discussing the status of this field from an empirical point of view as well as the role and perspectives for future empirical research within the field.

*******************************
Panel Discussion
The history of mathematics in school textbooks

Anne Boyé, Centre François Viète Université de Nantes, France cenub@club-internet.fr
Adriano Demattè, Dep. of Mathematics, University of Genova,Italy, dematte.adriano@vivoscuola.it
Ewa Lakoma, Institute of Mathematics, Military University of Technology Warsaw, Poland, e.lakoma@iar.wat.waw.pl, ewa.lakoma@neostrada.pl
Constantinos Tzanakis (coordinator) Dep. of Education, Univ. of Crete, Rethymnon 74100, Greece, tzanakis@edc.uoc.gr
Given that on an international scale, there is a growing research interest in the introduction of a historical dimension in mathematics education and actual implementations in the classroom, textbooks and curricula, the panel discussion could make focus on the following issues: 

(a) The current situation: What is the international experience on the inclusion of the History of Mathematics (HM) in school textbooks? Each panelist would be expected to highlight the situation in his/her own country, or other countries that he/she happens to know;

(b) Classification of possible ways to include the HM in school textbooks: The pros and cons, the aims and the methods of the different ways this could be done, or has actually been done;

(c) Quality criteria, prerequisites and aims of integrating the HM in school textbooks. Do they exist? Have they been taken into account in writing textbooks that have a historical dimension?

Each panelist is expected to give a brief account with focus on (a)-(c) above, with a follow-up discussion among the panelists and the audience. The emphasis should be on illustrating some general ideas and problems by giving specific examples. The time schedule has not been finalized yet, but a plenary session for each panel discussion is normally between 90 minutes and two hours. More details will be provided in due course.
*******************************
Workshop-3
Dividing and Composing the Squares

Narges Assarzadegan

Education. Isfahan Mathematic House, Iran
narges.assarzadegan@gmail.com
Geometrical/ artful patterns are valuable in visualization and understanding geometrical/ mathematical concepts. In this paper, I explain some patterns and methods of dividing and composing squares, based on Abu'l- Wafa Buzdjani's book (4th Hejira/ AD 10th century). In addition, I applied activities as a workshop format in high school geometry classroom. Participants were 14 students grade 11 at a High school in Isfahan. They cut and assembled squares by scissor and painted them. Then they found some applied patterns in geometrical based tiling in Islamic constructions in Isfahan. Finally, they presented their works in power point format to others. Notation to such patterns and arts helped them to better understanding geometrical concepts such as rotation, symmetry, reflection, transformation, mapping, translation and dilation.          

Research suggested that learning and thinking is more efficient if learners are provided with multiple entry points and perspectives (Adams & Hamm, 1997). This provides an insight into learners’ understanding how learning mathematics can be approached from multiple directions, while facilitating understanding and making meaningful connections both within and outside of mathematics (NCTM, 2000). Integrating arts and mathematics instruction supports the idea of multiple ways of thinking. It an exemplary alternative that not only provides different ways of representing mathematics knowledge and understanding of arts but also an arena for developing critical and creative thinking.

In addition geometry has a popular appeal for many pupils, most obviously the visual thinkers. Pattern making activities will usually engage all pupils at some level, and they can provide useful ways to develop and consolidate mathematical insights. The Islamic geometrical patterns are a rich collection of mathematics and arts ideas for any classroom. 

The main purpose of my study was to investigate applied methods by Abul' Wafa for dividing and composing squares. In addition, I have attempted to explain such patterns related to squares in attractive tiling and wooden arts in Isfahan as a workshop for my students. Then students could see applied geometry in Islamic arts clearly. 

Activity 3-4) 
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Figure 6: composing squares.

Now we will add four 2×3 triangles around the resulted square in figure 5, if the added triangles are placed inversely along their diagonals so as to form four “almonds” ( the general term in Islamic languages that correspond to the kite- shaped figure which is peculiar to Islamic art), a charming dynamic pattern can be produced (figure 7). 
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Figure 7: square patterns.
*******************************
Workshop-3
Al-Biruni’s trigonometry

Abdellah El Idrissi

Ecole Normale Supérieure, Marrakech, Morocco
abdellah_elidrissi@hotmail.com
Al-Biruni was a mathematician of the eleventh century. He was interested in several sciences and produced many works and results in mathematics and astronomy. In this workshop, we will present a history of trigonometry during the Arab-Islamic Civilization, constructed around Al-Biruni’s works. Of course, we will not claim to be aware of the dozens of Al-Biruni's trigonometry works. We will refer especially to two treaties:

1-Al-Qanun Al Masoudi, especially the third chapter. This chapter describes Al-Biruni's method for calculating the sine table (chords). To calculate some sines, He makes use of various artifices and exhibits an ingenious method on quadratic interpolation. One of Al-Biruni's specificity is that he often located his own works in relation to these of his ancestors (Greeks and Hindus), and contemporaries.

2 - The calculation of circle's chord (istikhraj al-aoutar fi ad'daira): This treaty is undoubtedly characterized by the fact that it is based on an interesting relatively forgotten geometric property: the broken chord theorem for witch Al-Biruni gives twenty proofs and some corollaries. He made use of that property to solve problems relating to trigonometry, geometry, astronomy and algebra. 

In this workshop, we will focus on the: 

-       History of trigonometry during the Arab-Islamic period; 
-    Trigonometric formulas and properties used by Al-Biruni;
-    The broken chord theorem, its proofs and its corollaries;
-    Various applications of the broken chord theorem;
The workshop will try to give opportunity to discuss the uses of history for educational goals.

*******************************
Workshop-3
Students’ meta-issue discussions of history of mathematics

Uffe Thomas Jankvist

Roskilde University, Universitetsvej 1, 4000 Roskilde, Denmark
utj@ruc.dk
The idea of the workshop is to have a closer look at the video transcripts providing the empirical basis for the plenary lecture on theme 2 (please refer to the abstract for this). 

The transcripts are from implementations of two different teaching modules that took place in a Danish upper secondary mathematics class in the fall of 2007: the first module was on the early history of error-correcting codes (Shannon, Hamming, and Golay); and the second was on the history of public-key cryptography, RSA, and the related number theory (in particular the Chinese remainder theorem, Fermat’s little theorem, and Euler’s theorem). 

During the workshop the participants will be given a brief outline of the historical cases as well as an introduction to the didactical tools (elements of Sfard’s theory of commognition) which are to be used in the analysis of the transcripts of students’ discussions. The idea is then that the participants – in small groups – do their own analysis of the transcripts provided to them. 

The time plan for the workshop is that 30 min. are spent on introduction to the work; 90 min. on the participant’ work with analyzing the transcripts of students’ discussions; and 60 min. on a plenary discussion of the groups’ results and, if time allows it, a small display of some of the videos of the implementation from where the transcripts are taken.  

Material for the workshop will be available at the conference site, and if not possible earlier then handed out at the beginning of the workshop.

*******************************
Workshop-3
Maps, Narratives and Orientations: The use of Concept Maps for exploring our Mathematical Heritage in the Classroom.

Leo Rogers

Department of Education, University of Oxford, Oxford UK 

leorogers@appleinter.net

This workshop will report on the use and implementation of concept maps for promoting the use of historical material in the classroom that is clearly linked to areas of the common mathematics curriculum. The idea of heritage as the form in which material and ideas are handed on in the course of the development of a mathematical concept will be explained. The map is principally a pedagogical device for enabling teachers to connect items in the curriculum to events and circumstances in the cultural contexts and the history of mathematics thereby enabling the creation of their own narrratives.

A selection of maps that have been used in the classroom will be introduced, and participants will be encouraged to use them to develop their own lesson plans and potential tasks for pupils that are relevant to their own curriculum needs. 

The material is principally designed for teachers of pupils aged 11-18, but can also be used for teachers’ professional development.

Indicative references:

Arcavi, A. 2003. The role of visualisation in the learning and teaching of mathematics. Educational Studies in Mathematics 52, 214 – 241.

Burke, J. & Papadimitriou, M. (2002) Seeing the wood for the trees: Narratives and maps for effective pedagogy in hypermedia learning environments. Goldsmiths Journal of Education, 5(1), 14.

Rogers, L. (2010) Bringing History into the Classroom: Mapping our Heritage. To appear in the Proceedings of the British Congress on Mathematics Education (BCME) 2010. Manchester, UK

An example of some background materials as narrative can be found at : 

http://nrich.maths.org/public/index.php
See ‘Past Issues’ for April and May 2009 ‘The Development of Algebra Parts 1 & 2’

*******************************
Workshop-3
Ancient nomograms for modern classroom activities

Dominique Tournès

Université de la Réunion, France

dominique.tournes@univ-reunion.fr

Nomograms (or graphical charts) were among the calculating instruments most used by the engineers during period 1850-1970, before appearance of the electronic calculators. They are still in use today in certain areas, like medicine.

We think that it is possible to put these tools up to date and to exploit them pedagogically to work certain points of present school programs: graphical resolution of equations, intersection of lines and alignment of points, functions of two variables, contour lines, logarithmic scales. Indeed, nomograms provide a suitable context for the changes of register (graphical, numerical, algebraical, geometrical), what is likely to promote the acquisition of mathematical skills. We could check it in several experiments in classroom with students of 15-17 years.

During the workshop, we will propose the following activities:

- Reading of engineers’ original texts describing the design of nomograms to solve simple algebraic equations (texts by L. Lalanne, J. Mandl, W.H. Chippindall, M. d’Ocagne, J. Clark...).

- Manipulation of large graphical tables to solve equations.

- Simulation of nomograms with dynamic geometry software.

- Report of experiments realized in classroom and exam of some student works.

Back to the top
*******************************
Workshop-2
One teaching experience based on the nonius of Pedro Nunes and the icosian game of Hamilton

Paula Catarino, Cecilia Costa
Department of Mathematics, ECT, University of Trás-os-Montes and Alto Douro, Vila Real 

&

UI&D – Mathematics and Applications, University of Aveiro, Portugal
pcatarin@utad.pt, mcosta@utad.pt
In the last summer school, promoted by our university, the first author lectured two 6 hours free courses concerning the history and the production of:

- the nonius of the Portuguese mathematician Pedro Nunes (1502-1578); 

- the icosian game invented in 1857 by the well known mathematician Sir William Rowan Hamilton (1805-1865). 

The main aims of these courses were to integrate the history of mathematics in an enjoyable way, to show applications of the mathematics in games and to improve the knowledge about important mathematicians. 

We describe the tasks developed and we report their implementation in the referred courses dedicated to young students (16-17 years old). Finally, based in this experience, we discuss some advantages and disadvantages of perform this kind of classroom experiments.

*******************************
Workshop-2
History and image of mathematics: an experiment

Adriano Demattè, 

Department of Mathematics, University of Genova, Genova, Italy, 

dematte.adriano@vivoscuola.it
Is the history of mathematics an educational way for acting on mathematics view? To answer this question in our contribution we discuss the philosophy underlying an Italian book based on historical images. The book is primarily addressed to secondary school students, but also teachers and ordinary people may be potential readers. In the oral presentation some parts of the book will be translated into English.

Our discussion is an occasion for investigating the view of mathematics held by people. To this aim we present a questionnaire centred on this subject and analyze some findings coming from the answers we gathered. This analysis allows outlining a project for producing new teaching materials based on the history of mathematics, which encompasses original documents and historical images.
*******************************
Workshop-2
Defining derivatives, integrals and continuity in secondary school: a phased approach inspired by history

Hilde Eggermont
Sint-Pieterscollege, Minderbroedersstraat 13, 3000 Leuven, Belgium 

hilde.eggermont@sintpieterscollege.be

Michel Roelens
Katholieke Hogeschool Limburg, Diepenbeek,Belgium

michel.roelens@ler.khlim.be

Historically, the concepts of analysis have been developed in the opposite order compared to the deductive order. In the 17th century, Newton and Leibniz introduced derivatives and integrals in order to solve physical and geometrical problems. In the 19th and 20th century, mathematicians have provided foundations for this theory, by giving a precise definition of the limit concept. Not only were foundation problems typical of the 19th century, but also these precise definitions had become necessary by the more general concept of a function. ‘Strange’ functions had appeared, whose continuity, derivability and integrability could not be decided without refined definitions.

In many courses and textbooks, formal definitions are introduced from the beginning. For pupils, these definitions seem to complicate things unnecessarily. Later on, in these courses and textbooks, one makes “cheese with holes” (by replacing too difficult proofs by the words “one can prove that…”). Our proposal is to use ‘visual’ concepts of derivative (slope of the tangent), integral (area) and continuity (connected curve) in a consequent way, at least in a first phase. At the end of the course, we propose to confront pupils with some ‘oscillating’ functions and functions with an infinite number of discontinuities, in order to motivate refined definitions. The last phase, only for the most mathematically oriented pupils, consists of using these refined definitions in a few examples of proofs. For this proposal, we used historical inspiration without copying history.

In this workshop (in English and French), we will present the main ideas of our approach described above. We will explain its historical inspiration and participants will get the opportunity to work out some important moments of this approach.

*******************************
Workshop-2
Applications of geometric probability through the historical excursion

Magdalena Hykšová 

Faculty of Transportation Sciences, Czech Technical University in Prague, Czech Republic 

hyksova@fd.cvut.cz
The theory of geometric probability covers the investigation of interactions of objects that can be characterized by geometric properties like volume, area, length or shape, and is therefore substantial when searching the properties of geometrically describable objects as human beings with their organs and blood vessels, animals, plants, cells in a tissue, rivers, rocs etc. Similarly as the standard probability theory, it originated as a tool of spatial games understanding and for a detailed elaboration of the rules ensuring their fairness. Later on, it became a substantial tool for extracting quantitative information on a spatial object (e.g., the percentage composition of a rock, the average volume of the crystalline mineral grains, the area of grain boundary surfaces per unit volume of rock, the length of grain edges per unit volume of rock etc.; similarly it is used for information on cells in a tissue, tumours or lesions in organs, vessels etc.) from probes of a lower dimension (sections or microscope images, linear or point probes). 

At the turn of the 19th and 20th centuries, geometric probability was even included in textbooks for secondary schools (For example: Hromádko, Strnad, 1902; Sommer, Hübner, 1905). It seems that already at that time mathematics teachers were aware of the importance of geometric probability for education. Since then, this science became even far more important. Nowadays it represents a tool that is substantial for medicine, biology, geology, metallurgy, petrology etc., and it is therefore an inseparable part of our life. Paradoxically, geometric probability has completely disappeared from the school education. Not only is it desirable for students to acquire at least an awareness of its basic principles; geometric probability can also serve as an outstanding tool for the motivation for mathematics education, since it shows how interesting and important mathematics is and that it accompanies us everywhere. 

The contribution will discuss the moments in the history of geometric probability that were important from the point of view of applications and that can show to students, how this theory helps to solve various problems in the above mentioned branches. Starting with Buffon problems introduced in the 18th century and further developed and generalized in the 19th and 20th centuries, continuing with the contributions of Joseph-Émile Barbier, William Morgan Crofton and Emanuel Czuber from the 19th century up to the rapid development in the 20th century. The aim of the contribution is to show how the discussion of the history can reveal the application possibilities of geometric probability and its numerous interdisciplinary relations, and how it can attract a deserved public interest in this fascinating branch of science.

*******************************
Workshop-2
Emergence de la notion de ‘variable’ dans le contexte de premiers modèles fonctionnels

Mariza Krysinska
Groupe d’Enseignement Mathématique (GEM), Louvain-la-Neuve, Belgium

maria.krysinska@belgacom.net
La notion de ‘variable’ est liée à l’idée de la variation et de la covariation. L’analyse historique et épistémologique de ces notions amène plusieurs constatations, par exemple, que l’idée de variation ne va pas toujours de soi et que la notion de variable est ambiguë (pour Serfati, il s’agit de la ‘contradiction inaugurale’ entre l’arbitraire et le fixé, ou le quelconque et le singulier). L’analyse didactique des expérimentations menées dans le cadre de nos recherches met en lumière, entre autres, que l’usage de la lettre par les élèves n’est ni spontané, ni garant d’un apprentissage algébrique: par contre, il leur est possible de formuler des messages hybrides ou des formules pré-algébriques comme ostensifs de programmes de calcul. 

Les activités proposées dans l’atelier seront centrées autour de l’émergence des premières formules obtenues par un processus de réduction d’ostensifs. Il s’agit des formules fonctionnelles qui modélisent quelques suites algébriques et géométriques rencontrées dans des problèmes de dénombrement. La dénotation sur laquelle s’appuie la vérification de l’équivalence de certaines formules sera un indice de l’usage de la lettre comme variable. 

Le dispositif didactique proposé se place au début de l’apprentissage de l’algèbre et il s’adresse aux élèves de 12-13 ans.

Dans un bref exposé qui précédera les activités proposées dans l’atelier, on identifiera des repères épistémologiques, historiques et didactiques pour éclairer les conditions et les difficultés d’un apprentissage de premiers modèles fonctionnels. Dans les conclusions, on montrera la portée de cet apprentissage dans l’appréhension du concept de fonction lui-même à travers les notions de la formule, de la variable indépendante et de la variable-paramètre.

Références

Confrey J., Smith E. (1994) Exponential functions, rates of change, and the multiplicative unit. Educational Studies in Mathematics, 26 (2-3)
Kronfellner M., 1999,The History of the Concept of Function and Some Implications for Classroom teaching, Vita mathematica, MAA, Notes n°40,

Krysinska M., (2007) Emergence de modèles fonctionnels comme outils de catégorisation de phénomènes divers : repères épistémologiques et didactiques. Thèse de doctorat, Facultés universitaires Notre-Dame de la Paix, Namur.

Krysinska M., Mercier A., Schneider M., (2009) Problèmes de dénombrement et émergence de premiers modèles fonctionnels, . Recherches en Didactique des Mathématiques, à paraître

Sackur C. Drouhard J-P., Maurel L., Pécal M. (1997) Comment recueillir des connaissances cachées en algèbre et qu’en faire ? Repères 28 37–66, 

Serfati, M., 2005, La révolution symbolique, ed. Petra, Paris

Sierpinska A., 1992,On understanding the notion of function. The concept of Function. ed.  Guershon Harel end Ed Dubinsky, MAA Notes, Volume 256

*******************************
Workshop-2
The learning of mathematics by a didactical sequence mediated by history of mathematics

Bernadete Morey, Paulo Faria
Rio Grande do Norte Federal University, Brazil

bernadetemorey@gmail.com, pfaria88@gmail.com

In studies related to the History of Mathematics and Mathematics Education, there are a variety of approaches. As stated by Man-Keung Siu (2004), the majority of these studies discuss the importance and the role of the History of Mathematics in the process of the teaching and learning of Mathematics. However, few studies discuss whether the History of Mathematics in fact leads to the learning of Mathematics. We think that it is time to explicitly consider the question of the effectiveness of the History of Mathematics in Mathematics learning. Regarding integrating history in math teaching, there are studies that suggest that didactic sequences inspired in the History of Mathematics can be used to teach certain mathematical concepts. This is the basic idea behind the article Second Degree Equations in the Classroom: the Babylonian approach, Radford (2000). This article suggested to us a research methodology for investigating the question of the effectiveness of the History of Mathematics for the learning of Mathematics. Based on the didactic sequence proposed in Radford’s article, our study has as its main objective to investigate to what extent the use of a didactic sequence inspired in the History of Mathematics leads to mathematics learning. We are also interested in clarifying what elements may facilitate – or make more difficult – the use of the History of Mathematics in the classroom. The didactic sequence with which we worked focuses on finding a formula for a second-degree equation (Radford, 2000). In order to observe the effectiveness of such a didactic sequence, we applied it with a group of teachers and teacher trainees in a 6 hour mini-course. Preliminary results indicate the need for the continuation of the study with the intention to verify the effectiveness of the use of this same didactic sequence, separately, with the following three groups: in-service teachers, future teachers and 9th grade pupils. Our study is still in progress and many issues are open. It’s necessary to refine the study and seek answers to the following issues: should history explicitly appear in the didactic sequence, or not? How do these groups assess the effectiveness of using a didactic sequence inspired in the History of Mathematics? What are the most powerful arguments used by each one of these groups? What signs would lead us to infer that the use of such a sequence is effective? These and other issues are being investigated at the moment. 

Radford, l., & Guérette, g (2000). Second Degree Equations in the Classroom: the Babylonian Approach. In v. Katz (ed.). Using history to teach mathematics. An international perspective (pp. 69-75). Washington: the Mathematical Association of America.

Siu, Man-Keung (2004). I don ' t use history of mathematics in my class. Why? In Proceedings HPM2004 & ESU4 (pp. 268-277). Fulvia Furinghetti, Kaijser, Constantinos Tzanakis Stein (eds.) Uppsala: Uppsala University.

*******************************
Workshop-2
The learning of mathematics by a didactical sequence mediated by history of mathematics

Nitsa Movshovitz-hadar, Batya Amit
Department of Education, Technion – Israel Institute of Technology, Haifa, Israel
batyaamit@gmail.com, nitsa@technion.ac.il

This workshop is a sequel to the Prague ESU5 workshop (ESU5 proceedings pp. 535-546).

In Prague we discussed the need, values and appropriate pedagogy for introducing math news in the classroom, and considered the dilemma and efforts involved in interweaving snapshots of mathematical news in the daily teaching of high school mathematics.  We advocated then, an empirical study aimed at interweaving mathematical-news snapshots in high-school curriculum, in order to decrease the gap between contemporary mathematics and school mathematics.

At ESU6 we wish to share with workshop participants some lessons we learned in the course of a study we carried out in the past three years. In particular, we'll focus on three issues: 

(i) the principles underlying the design of a collection of mathematical-news snapshots which were the cornerstone for an action research we carried out,  illustrated by excerpts from the PowerPoint presentations of math-news snapshots we designed according to them. Two of these principles are related to the history of mathematics:

· A mathematical news snapshot will focus on one result published in the past 30 years. Every recently achieved result in mathematics is "standing on the shoulders of giants", namely can be traced back to historical findings. Hence its presentation should reflect the historical development of the main mathematical ideas associated with it. 

· Every recently achieved result in mathematics has at least one living mathematician involved in its invention and other mathematicians associated with its history. Hence its presentation should reflect human aspects of these mathematicians as ordinary people so that students can identify with their professional occupation.
Put together, these two principles are likely to create an image of mathematics as a human endeavor. Other principles have to do with the pedagogy of the presentations, e.g. dealing with the gap between students background and the advanced mathematics needed to deeply understand a piece of contemporary mathematics.

(ii) some aspects of the implementation in the classroom, in particular bridging between contemporary mathematics and the history of mathematics and the impact of it on . E.g., 

· Dealing with the conflict between "extra-curricular activity and the time pressure of "covering the curriculum".

· Implementation in various age-level, and in various ability-level within the same age-group.

(iii) Some results, for instance:
· The history of mathematics, interlaced in the presentations of the news from contemporary mathematics, had a noticeable influence on students' attitudes towards mathematics and opened for them new horizons to the role of mathematics in the development of human culture. 

· The teacher's reflection indicated that her self-esteem increased as a result of delving into contemporary mathematics and becoming its presenter in her classes, showing her students the development of contemporary mathematical achievements as an outcome of a long human struggle through history. In a paradoxical way the introduction of contemporary mathematics became a motive for introducing its historical development, and provided the pedagogical context for doing it in a relevant manner.

*******************************
Workshop-2
Complementary routes to integrate history in mathematics education: In search of an appropriate theoretical framework

Costas Nikolantonakis
Department of Primary Education, University of West Macedonia, Florina, Greece

nikolantonakis@noesis.edu.gr

Bjørn Smestad
Oslo University College, Oslo, Norway

bjorn.smestad@lui.hio.no

During the proposed workshop we are going to present and discuss the “greek” multiplication, given by Eutocius of Ascalon in his commentary on The Measurement of a Circle. We are going to discuss part of the text from the treatise of Eutocius. Our basic thesis is that we think that this historical method for multiplication is part of the algorithms friendly to the user (based on the ideas that the children use in their informal mental strategies). The important idea is that the place value of numbers is maintained and the students act with quantities and not with isolated symbols as it happens with the classic algorithm. This helps students to control their thought at every stage of calculation. We are going also discuss the Russian method and the method by the cross (basically the same as “Casting out nines”) to control the execution of the operations.

*******************************
Workshop-2
The History of Mathematics in the classroom - some activities

Helder Pinto
Faculdade de Ciências da Universidade de Lisboa, Losbon, Portugal

hpinto@fc.up.pt

The importance of History of Mathematics in school curricula is increasing. For example, in Portugal, in the Mathematics program, the History of Mathematics appears as a crosscutting theme throughout the secondary school teaching and that should come along on several and different themes. The idea is not to present the History of Mathematics in a finite and condensate set of classes, but that this subject will be a good support and motivation for the study of other mathematical topics.

However, despite the growing importance of the History of Mathematics in school curricula, there is little literature on this theme applied to the context of the classroom, which difficult the work of teachers in its implementation. One of the most important works in this area is the book "Learning Activities from the History of Mathematics" by Frank Swetz (1994). In this book, the author presents several topics of the History of Mathematics with its direct application to the school context through worksheets with questions, which are accompanied by texts - such as, for example, short biographies - accessible and appropriate to the skills and knowledge of younger students.

“We are always looking for good problems to strengthen and broaden our student’s knowledge of mathematics as well as to refine concepts taught in the class room. The history of mathematics supplies thousands of useful and interesting problems, problems that are mathematically and pedagogically sound and which, by their historical nature, possess an additional intellectual appeal for students.” 

The workshop presented here will attempt to follow the same idea, presenting some proposals relating to the History of Mathematics in the school context (in the classroom and beyond, such for example in an extra-curricular Math Club). We will see how to adapt some topics of mathematics at the school context using, for example:

· the Euclid’s Elements (examples of how to use the computer and some interactive content in classroom will be presented in the approach of this book);

· the Shadow Instrument of the Portuguese mathematician Pedro Nunes (it can be easily constructed with paper and cardboard in the classroom and be used to measure the altitude of the Sun);

· the numeral system of ancient Egypt and Mesopotamia (system "visually more attractive" allowing the students to achieve a better understanding of the current numbering system by comparison and contrast); 
· The double difference method used in China (a simple method for measuring heights of mountains);
· The Napier's rods and the Genaille-Lucas rulers that were used for the multiplication of natural numbers (they can also be easily constructed with paper and scissors in the classroom).
Back to the top
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Oral Presentation
My teaching experiments in History of Mathematics for the Licence of Mathematics

Rachid Bebbouchi 

Faculté de Mathématiques, USTHB, BP 32 El-Alia, Alger, Algéria

rbebbouchi@hotmail.com

The new system LMD (licence, master, doctorate), in Algeria and specially in my university, gave an opportunity to introduce two courses in History of Mathematics during the second year of the licence in Mathematics.

As a teacher of those courses since three years, I discovered the sense, the difficulties, the motivation and the effects of this kind of courses, so different from a mathematic classical course.

How the Algerian students, completely closed concerning the history of mathematics because the inexistence of this education before the university and the poorness in books in this matter, perceived this course? What is the meaning I should give to this course making it attractive? What original ways I have to realize in the classroom for best educational effects?

I shall try to answer in this talk, rich by my teaching experience.

*******************************
Oral Presentation
Modern rendering of ancient sources for wikibooks.org: motivating?

Francesca Bevilacqua

Istituto di Istruzione Superiore “Rolando da Piazzola”, Piazzola sul Brenta, Italy
francesca.bevilacqua3@istruzione.it

Preliminary remarks:

1. History of Arabian mathematics teaches us that translating a text is a great way of learning science. 

2. High school students often feel their life is not real life because they don’t produce anything

3. High school students often perceive antiquity as a charming but distant reality, maybe even more unreal than their own. So they tend to neglect it, their true longing being the future.

The idea:

Why not try to get the pupils of a class helped by the translation (or the modern rendering) of part of a source on which their teacher is working (or pretending to be working)? 

If the translation is to be published on the pages of wikibooks.org, then:

1. students woud be efficiently learning by the translating/rendering work;

2. students would feel their life is more real, because they would be producing something that can be useful to other people;

3. students would enjoy both the charm of the past and the excitement for the future.

My experiment step by step:
Proposal (this phase is over)  

1. I printed some pages from http://it.wikibooks.org/wiki/Elementi_di_Euclide where, a couple of summers ago, I had started to give a modern rendering of Tartaglia’s translation of Euclid Elements. This material included: all definitions, axioms and postulates, plus the first 8 propositions and a few others. After showing it to the students (14 years old boys and girls), last september I asked them if they wanted to help me get on with that big job (which they did, or I wouldn’t be writing)

Preparation (this phase is almost over)
2. We began by talking over the contents and the meaning of Euclid definitions, axioms and postulates and compared it with what we found on our ordinary text-book..

3. After that, I asked all students (in couples) to study my translation of the beginning proofs in Book 1. Their job wasn’t supposed to be a passive one: they had to produce their own drawings for the proofs and, eventually criticize the efficiency of that written text. I wanted to be sure they understood the strucuture of the proofs and that they noticed that any found assumption was either given or explicitly supported by a certain definition, axiom, postulate or former proposition 

Real work (this phase is still to come)  

4. Once Euclid’s axiomatic style is sufficiently perceived, I will put them to real work, giving each group of 4 students a proof to translate from ancient italian into modern italian. Each group will prepare their translation and then will defend it in front of the other groups, whose task will be to to severely criticize any imperfection 

In the end and I will submit an anonymous questionnaire to the students who will freely comment on the experience and select the translations that deserve to be published on wikibooks. Then I will analyze the answers and see if the enthusiasm I so far perceived observing students at work was a real thing or just an illusion.
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Arithmetic and Algebra in Renaissance France : Current development of teaching material

Renaud Chorlay

IREM Université Paris 7, 175 rue du Chevaleret, 75013 Paris, France

renaud.chorlay@univ-paris-diderot.fr

In the 2009-2010 academic year, the “history of mathematics” group of the Paris 7 IREM (1) will devote a large part of its time to the preparation of a small exhibition at the French National Library (2), in Paris. This exhibition is to be part of the events on the occasion of the centennial of the French association of maths teachers (APMEP), in the autumn of 2010.

We decided to focus on some (possibly rare) Renaissance books dealing with either arithmetic or algebra. 

Beyond the short-lived exhibition and workshop, we set out to develop an on-line folder including documents for the teacher as well as fresh teaching material for the maths class. We would also like to work with history teachers and teacher-trainers in order to design some teaching material for the history class, centring on Renaissance scholarly culture and mathematical literacy. 

This talk will be coupled with the workshop “The Cisterna Fulcronica: what can we learn from a 16th century Occitan treatise of arithmetic ?” (Anne Michel-Pajus).

(1) Institute for Research on Education in Mathematics

(2) Bibiothèque Nationale de France
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Classroom experiences with history of mathematics

Gerlinde Faustmann

BRG, Gröhrmühlgasse 27, A-2700 Wr. Neustadt, Austria

gerlinde.faustmann@aon.at

Even though the history of mathematics is required in the lesson plan there are only rare possibilities to carry out historical projects or discuss developments. My paper will present an overview of some classroom projects about the history of mathematics and will focus on the problems related to them. 

Classroom experiences will be gained through projects and used as tools for an introductory approach to cultures and arts. An overview about the following topics is given: 

· Adam Ries 

· Austrian mathematicians 

· Leonhard Euler 

· Euclidian geometry 

· Georg v. Vega and the logarithms 

· School leaving examination  - in the past, at present, in the future

The main part in the lecture is dedicated to pupils’ work, as well as some papers, pictures, and projects are presented.
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Oral Presentation
The historical approach of the fundamental concept of measure in the Portuguese Mathematics Textbooks for 5th and 6th grades of Basic Education

Ana Cláudia Ferreira Amaral, Alexandra Gomes

Universidade do Minho, Instituto de Estudos da Criança, Campus de Gualtar, Braga, Portugal
anacfa@gmail.com, magomes@iec.uminho.pt

Elfrida Ralha 

CMAT/Dep.to de Matemática, Universidade do Minho, Braga, Portugal
eralha@math.uminho.pt
In Portugal, for the past years, the persistent bad results in mathematics achieved by Portuguese students become visible in all media; in fact, Portugal appears, in some international comparative tests (PISA 2000, 2003, 2006) in the last places of the countries’ list. Facing a critical situation that urged to be changed, the Portuguese Ministry of Education decided to take concrete measures; in particular, the main areas of this national Action Plan for Mathematics are:

Mathematical Teacher training;

Mathematics curricula; and

Mathematical textbooks.

In what respects to the Mathematical Teacher training, a new national in-service teacher training programme was implemented: it is designed for elementary school teachers (grades 1 to 5) and it intends to deepen teachers’ mathematical, curricular and pedagogical knowledge. In this programme, the importance of the history of mathematics is cleared assumed. 

As for the mathematics curricula, new programmes for basic education were designed. In the Math Program for the so called 2nd cycle, one can find as one of the main objectives, to develop “interest in Mathematics historical facts” (p. 10) and proposes involve to perform activities with some historical perspective, because it will “help students to understand the relation between some mathematics historical facts and some problems that man has sought to resolve” (p.14). On the other hand, the new Mathematics Program for Basic Education strengthens the importance of history of mathematics to understand Mathematics as an element of human culture and to realize that Mathematics is an alive science in continuous evolution.

Mathematical textbooks are yet another concern of the Action Plan for Mathematics. Even though the new Mathematics Program for Basic Education presents several didactical resources, textbooks still play a significant role both inside and outside the classroom and in spite of being, officially, recognised as an instrument for pupils’ use it is a fact that. Elementary Teachers tend to rely on them more than in any other curricular source. 

In this context, the quality of textbooks assumes particular importance and it is our intention to analyse some mathematics textbooks (the most adopted ones). The focus of this analysis will be the fundamental mathematical concept of measurement. On the one hand, as the history of mathematics shows us, measurement is one of the first unequivocal manifestations of Mathematics activity. On the other hand, measurement assumes relevance because of its utility and practical applications across the various branches of mathematics, everyday activities, and several professions. 

We will try to answer some questions:

· Why do we look at the mathematical concept of measurement as not only an elementary concept but, and above all, a fundamental concept in mathematics?

· Does the historical approach promote and enrich the learning of the concept of measurement?
Does the textbook present situations and propose activities requiring the selection of appropriate measuring instruments (conventional and unconventional) and its proper use?
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Oral Presentation
Historical conflicts and subtleties with the  sqrt sign in textbooks

Bernardo Gómez

Departamento de Didáctica de las Matemáticas. Universidad de Valencia, Spain
bernardo.gomez@uv.es

The ambiguity of the sign √ is an educational problem with historical roots, as we can see in so important texts like the Euler’s Elements of Algebra (1770, p.62). 

150. (…) the square root of any number always has two values, one positive and the other negative; that 
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, for example, is both +2 y -2, and that, in general, we may take 
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 as well as 
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 for the square root of a (…)
In this comment appears the ambiguity of the √ sign, since in
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 it is perceived as an indicated operation and it is associated to the set of two results, in this case +2 and - 2. In 
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+

 it is perceived as a result of the aforementioned process and designates one of the two roots of a.

Although the problem does not exist from the point of view of present-day developments of mathematics, he cannot tell the same thing from the point of view of the mathematical education. On the contrary, the radical sign presents conceptual and operative conflicts and subtleties. For example, the students opinion about the statement 
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= ± 25 (Roach, Gibson & Weber, 2004), the value of -8)1/3 =-2 (Goel & Robillard, 1997; Tirosh & Even, 1997), the rule for multiplying imaginary numbers (Martínez, 2007), and that equality 
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 cannot be true, since on the left the index of the root is even, so that it has two opposing roots, whereas on the right the index is odd so it only has one root (Gómez & Buhlea, 2009; Necula & Gómez 2009).

These, have his origin in the shift in meaning of the radical sign when passing from arithmetic to algebra, and are linked to a particular tradition of teaching in which the radical sign is introduced by means of the square root notion and the abbreviated way to write the solution of the equation x2=4.

In our study we have identified conceptual and operative approaches, and also omissions, with the √ sign, in current and representative Spanish textbooks that can be the cause of misunderstandings and conflicts strongly rooted.
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Contribution of cryptography to mathematics teaching

Katharina Klembalski

Humboldt-Universität zu Berlin, Berlin, Germany
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Cryptography fascinates people of all generations and is increasingly presented as an example for the relevance and application of mathematical sciences. Indeed, many principles of modern cryptography are based in large parts on classical number theory and are therefore accessible to secondary school students.  An implementation into teaching practice in Germany currently takes place predominantly on a computational rather than a conceptual level. This has effects on the nature and extent of the mathematical foundations presented. These often play a secondary role and favor the (partial) implementation of individual algorithms. Similar approaches for teaching specific mathematical topics by means of cryptography going beyond pure cryptographic algorithms or protocols are rare and are often only implicitly included. 

This paper examines the question to what extent cryptography can be used for mathematics education. Our investigations are concretized in the context of the RSA cryptosystem and its mathematical background. The main foci are 

· Cryptography as an application of mathematics, like modular arithmetic, the Euclidean algorithm or Euler’s theorem that were already valuable instruments within mathematics before their practical applicability was recognized and became more efficiently accessible through the use of computers.

· Mathematics as a living science, because cryptography is a suitable example for pointing out the development of the mathematical sciences triggered by the introduction of computers. 

· Facing accessible (still) unsolved scientific problems to high school students.
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Oral Presentation
Evolution of College Students’ Epistemological Views of Mathematics in A History-Based Class

Po-Hung Liu

National Chin-Yi University of Technology, Taiping, Taichung 411, Taiwan
liuph@ncut.edu.tw

According to Schoenfeld (1985, 1992), belief systems are one’s mathematical worldview shaping the way one does mathematics. Its influence could be realized by that mathematics-related beliefs are the subjective conceptions that students implicitly or explicitly hold to be true, that influence their mathematical learning and problem solving. The research on students’ epistemology in mathematics (their beliefs about the nature of knowing and knoeledge of mathematics) therefore increasingly receives greater attention. 

The essence of mathematics lies in its intellectual adventure, beauty of abstract form, and application in physical world. Kitcher (1984) stressed that any account of the growth of mathematical knowledge should be referred to its historical development; hence to understand the epistemological order of mathematics one must understand the historical order. Relevant scholars have accordingly called for integrating history into school mathematics curriculum to demonstrate the dynamic, potentially fallible, and socio-cultural nature of mathematical knowledge and thinking (Barbin, 1996 ; Furinghetti, 1997; Horng, 2000; Radford, 1997 ; Siu, 1995) On the other hand, experimental studies have suggested history-based courses may help students develop their own understanding of the nature of mathematics (e.g., Liu, 2006 ; Liu, 2008). The purpose of this paper is to investigate in what way Taiwanese college students’ epistmological views of mathematics evolved in a course titled "Mathematics in the Ancient Civilization". The course is a history-based general education course focsing on how the development of mathematics was related to ancient cilvilizations such as Egypt, Mesopotamia, Greece, China, India, and Arabia. Data were collected by means of questionnaires, interviews, student journals and a web-based forum. Questionnaires and follow-up interviews were conducted twice (before and after the course) to survey students’ pre- and post-views of the nature of knowing and knowledge of mathematics. Student journals and web-based forum collected students’ responses to teaching metarial, important issues, and personal reflections upon the role of mathematics in the ancient civilizations. Major findings are: 

1. Students had more humanistic understanding of the development of mathematics.
2. Students were more likely to realize how mathematics had interacted with civilized aspects of human development, such as philosophy, architecture, and religions.

3. Students tended to comprehend the different mathematical cultures between the East and West through personal reflections of their own cultural values.

As opposed to appropriate understanding of the extrinsic nature of mathematics, students seemingly showed deficiencies in appreciating the intrinsic nature of mathematics.
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History in a postgraduate course for in-service mathematics teachers. A strategy to discuss the school trigonometry
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The recognition of Mathematics Education as a research domain has significantly lien in the roll that is given to the mathematic knowledge as a part of the object of study when it comes to face a didactic phenomenon. However, in order to understand what students learn, the school knowledge has been assumed as the mathematical knowledge and is studied how the teaching methods allow reaching certain comprehension of them. In this sense, there are no questionable content about the meanings related neither to such scholarly knowledge, nor to its disassociated formal structure from the context that gives meaning to the knowledge in the development of mathematical thinking. This situation is frequently found in the area of the educational trigonometry. 

Within a postgraduate course in mathematics education, addressed to in-service teachers, we proposed the study of particular school knowledge, the trigonometric ratio; seeking beyond it… looking for its underlying meanings in a historic context. Teachers often recognize that in its origins Trigonometry deals with the calculus of cords instead of calculus of ratios, also, not know the problematic, context, circumstances and conditions where it is dealt with those cords. So, from a historic stage we want to stimulate a change of focus; from trigonometric ratios to the construction of the trigonometric quantity. 

This approach to the history of Trigonometry was placed through the analysis Saiz’ (2003) Spanish translation from the Almagest Book I, Chapter IX. This analysis was based social construction of the trigonometric knowledge model proposed by Montiel (2005) and following the suggested methodology by Espinoza (2009). Both proposals, from the Socio-epistemological approach to research in mathematics education (Cantoral y Farfán, 2003), were included as materials, as videos and with thesis were each of one is explained in detail. This course was carried out on the online distance postgraduate program with in-service teachers all over Latin America. The results of this experience are registered in discussion forums, chats, wiki and from these we will present the experience results.
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Interdisciplinary approaches appear in the context of recent curricular reforms a basic proposal in many countries. Their use in the history of Mathematics through the subjects of Mathematics and History can be an important application towards this direction with important gains to the students of primary education. 

In this paper we present the results of a case study which involved 17 children of fourth class, which was developed over o period of two weeks and which concerns: 1. the development of problem solving skills and 2 the development of critical thinking, for the subjects of history and mathematics, through the teaching of the first arithmetic systems. 

Overall in this paper, we will describe the theoretical background of our approach, its interdisciplinary scenario which we invented that takes use of the first arithmetic systems and history of the countries of origin, the methodology of our research, and its results. Finally there is a discussion made and proposals for further research. 
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Oral Presentation
Mathematics for students of Digital Arts and Graphics Design: A historical approach

Alejandro Miguel Rosas Mendoza,  Leticia del Rocío Pardo Mota
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In Mexico most students from digital art and graphic design schools do not take mathematics courses because “they do not need it” and High School do not offer mathematics for those students. In Instituto Tecnológico y de Estudios Superiores de Monterrey (Monterrey’s Technological Institute of Superior Studies) the curricula includes two courses with basic topics like functions, graphs, inverse function, functions composition, and advanced topics like differential calculus, integral calculus, vector analysis and fractal geometry.

The main problem is to keep students involved and interested in exponential functions, logarithms, derivatives, integrals, etc. We have tried a course based on examples of applications of mathematics in every day life, but it has been difficult.

In this talk we will show our new approach to attract student’s attention, we have designed a (long) didactic activity that has been applied during a whole semester. History of mathematics is the key and the special skills for digital animation and graphic design of these students are the means to keep them interested.

One example, when we were studying derivatives we solved problems and saw some applications and student’s special homework was to produce an animation related to the historical context of derivatives. Some students made a “dramatization” of the dispute about the invention of calculus.

We will show some animations produced by our students on different topics.
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Oral Presentation
Making history of mathematics available to teachers – one page at a time
Bjørn Smestad
Oslo University College, Oslo, Norway
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Several studies have indicated that many mathematics teachers may have a limited concept of what “history of mathematics” is and how it can enhance their teaching of mathematics. They are also unaware of where information on this may be found.

To help remedy this situation in Norway, I have built a Norwegian wiki for teacher education (http://eleviki.wikidot.com) and have made the inclusion of history of mathematics in the wiki a priority. I have done a survey of which resources are available to the teachers in Norway and have built the contents of the wiki based on the findings in this survey. The first part of the presentation will be spent on giving an overview of the survey and the wiki.

The second part of the presentation will be a discussion of how the wiki have been used by teachers. Based on detailed traffic data for the site, I can analyze which parts of the wiki are most popular among teachers and teacher students. These findings will play an important role in the further direction of the wiki as well as for further research on teachers’ use of it.
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Oral Presentation
“Cauchy in Gorizia”, in the memory of  Giorgio Bagni one year after his passing away
 Carterina Vicentini
Oslo University College, Oslo, Norway

caterina.vicentini@alice.it

In this talk I will remember Giorgio Bagni one year after his passing away. 

I will tell you about the work we did together in 2007 on the occasion of the 150th anniversary of Augustin Louis Cauchy death.

Not many people know that Augustin-Louis Cauchy has been living in Gorizia for two years, from 1836 to 1838. He arrived here from Prague together with the Bourbons Crown exiliated from France after the revolution of July 1830 and helped by the Hapsburgs. He was the mathematics and science private teacher of Henry V, the grandson of Charles X, supposed to become the King of France if the Bourbons managed to have the Kingdom of France again. He left his prestigious place at the Ecole Polytecnique in Torino for this reason.

Our research has been financed by the project called “Progetto Lauree Scientifiche” promoted by the Italian Ministry of Education and Scientific Research. 

Giorgio gave two conferences at the Istituto d’Arte “Max Fabiani” for students and teacher presenting the work of Cauchy under the epistemological point of view, while I gave a public conference in collaboration with the “Comune di Gorizia” and the “Grand Hotel Entourage”. In this Hotel, sited in the same building, Cauchy was used to give his lessons to Henry V. My work was more focusing historical aspects specially focusing on the research work done by Cauchy during is period in Gorizia.

At the end of the conference the Town Culture Counsellor unveiled a memorial marble plate at the entrance of the palace. 
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Solving the Cubic Equation
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The Pure Mathematics syllabus at Advanced Level [1] as established by the University of Malta does not permit the mathematics teacher to include much history of mathematics during the lecture, owing to time restrictions. However, it is noticed, that students’ attention and interest is increased whenever there is even a slight mention of a mathematician during the lecture.

Solution of the cubic equation within the current framework is often limited to the use of the factor theorem to find one or more linear factors of the cubic polynomial and then equating each of these factors to zero. This is also the approach found in most textbooks at this level [2,4]. Students learn the shape of a cubic curve and know that a cubic equation has three real roots or one real  and two complex conjugate roots. Some textbooks [3,5] also give the relation between the sum and product of roots and the coefficients.

This poster demonstrates an innovative teaching approach by presenting various ways of solving the cubic equation. It starts with the Chinese method (ca.1200) (a numerical approach), proceeding with a graphical approach (al-Khayyam’s (1048-1131) method): the solutions are seen as the x-coordinates of the points of intersection of a circle and a hyperbola, displaying the root as a line that can be measured, but there is no explicit formula for finding the length of that line. This is followed by a formulaic approach: namely, Cardano’s (1501-1576) formula, Viète’s (1540-1603) trigonometric formula and Tschirnhaus’ (1651-1708) solution. Further details can be found in [6,7]. All of these methods are within the reach of 17-18 year olds and students can try to use them to solve various examples of cubic equations. This teaching approach can also be complemented with modern mathematics software such as Autograph or Mathematica.  

This “journey” ends with a mention of Galois (1812-1832) theory, dealing with the question of whether an equation can be solved algebraically. 

Although this approach has not been actually implemented in the classroom, it is believed that such a presentation (maybe during a day seminar) will help students understand that mathematics is the outcome of contributions from different cultures and that mathematical discoveries stimulate research in various directions (such as investigating polynomial equations as well as complex numbers). Hopefully it will also stimulate them to better their own achievement in mathematics. 
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The Use of Original Sources in The classroom - Empirical Research Findings
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Among the various possible activities that are conceived to integrate historical aspects into the teaching of mathematics, the study of original sources might be the most demanding, both for teachers and for students. It requires not only a thorough understanding of the mathematics in question, but also some knowledge about the time and the circumstances when the source was written and a general idea of the interrelation of mathematical concepts. On the other hand, reading an original source can be an especially rewarding enterprise that is capable of substantially deepening the mathematical understanding, enriching the classroom activities and developing learners’ beliefs on mathematics. In this talk I am going to elaborate from an empirical point of view on feasible conceptual designs, necessary preparations and prospective effects when reading an original source in class. In particular I will refer to the results of some large-scale research studies that have been carried out recently.
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Workshop-3
ICT and History of Mathematics : the case of the pedal curves between the 17th-century and the 19th-century
Olivier Bruneau
Centre François Viète, Université de Nantes, Nantes, France

bruneauolive@free.fr

La mise en place de logiciels de géométrie renouvelle dans une certaine mesure l’enseignement de la géométrie. En effet, la construction géométrique en devient dynamique et il est dorénavant possible de « visualiser » l’engendrement ou la génération des courbes.

Cette considération du mouvement (continu ou non) en géométrie était naturelle ou était déjà prise en compte par les mathématiciens grecs. Mais, au 17e siècle, la description organique ou mécanique des courbes est remise au goût du jour par des savants tels Descartes ou Newton. 

Dans ce workshop, nous allons nous intéresser à un type particulier de courbes : les podaires. Etant donnés une courbe plane (C), et un point P du plan. La podaire à C de pôle P est le lieu de la projection orthogonale de P sur les tangentes à la courbe C. 

Cette construction apparaît dans des textes de Newton (1642-1727) et dans ceux de Roberval (1602-1675). Nous étudierons le statut qu’ont ces courbes chez les deux auteurs et comment elles s’insèrent dans une pratique géométrique. 

Au 18ème siècle, une étude systématique de cet objet mathématique revient à l’écossais Maclaurin (1698-1746). Nous regarderons un peu plus dans le détail, et nous tenterons de cerner la nature de ce type de courbes chez ce savant.

A la mort de Maclaurin, la recherche sur les courbes diminue et les mathématiciens se tournent vers d’autres branches. Mais, au 19ème siècle, apparaît un vif engouement pour les courbes géométriques en général et plus particulièrement pour leurs caractéristiques. Ainsi, des mathématiciens comme Terquem, Steiner, Louiville, Sturm, Lie ou encore Catalan se sont intéressés à ces courbes et les ont étudiés. L’intérêt était tel qu’une branche du classement bibliographique des articles mathématiques était constitués à la fin du 19ème siècle.

En résumé, lors de ce workshop, nous lirons et commenterons des textes de ces trois périodes et essayer de montrer que leur place dans les mathématiques évolue. Puis, nous mettrons en pratique la génération de ce type de courbes à l’aide de logiciel de géométrie dynamique comme Geogebra et montrer ainsi que les podaires peuvent s’insérer dans un enseignement de la géométrie à l’aide des TIC. 

Quelques textes que l’on étudiera:

Newton, Isaac, Philosophiae naturalis Principia mathematica, 1687

Roberval, Gilles de, MARS, t. VI, 1730

Maclaurin, Colin, Geometria Organica, 1720.

Terquem, Olry, Nouvelles annales de mathématiques, t. 6, p. 328 et t. 7, p. 239.

On utilisera le logiciel Geogebra  

*******************************
Workshop-3
Joost Bürgi’s conception of the logarithm (1620)
Kathleen M Clark
Florida State University, Tallahassee, Florida, USA
kclark@fsu.edu
In this workshop, participants will be introduced to the text, Arithmetische und Geometrische Progress Tabulen/sambt gründlichem unterricht/wie solche nützlich in allerley Rechnungen zu gebrauchen/und verstanden werden sol (Bürgi, 1620), as well as its author, Joost Bürgi.

Early in the 17th century, John Napier and Joost Bürgi were responsible for articulating independent conceptions of the logarithm.  Even parallel insights that occur simultaneously will produce proposals that are quite distinct.  This was the case with the proposals of Napier and Bürgi.  Both proposals for the logarithm were quite different and this is in part responsible for the different receptions each had in the mathematical community.  The workshop will begin with a brief look into Bürgi’s life and a description of his role in the scientific community of early-17th century Prague.

The remainder of the workshop will be spent on reviewing excerpts from the Arithmetische und Geometrische Progress Tabulen (and working English translations), including Bürgi’s stated reasons for developing his general tables for complex numerical calculations and several of the examples he presented in the “Kurzer Bericht” (or, short report) that accompanied his tables.  Lastly, participants will engage in a discussion about the diffierences between Napier’s and Bürgi’s conceptions of the logarithm and the influence of Bürgi’s Arithmetische und Geometrische Progress Tabulen.  

Detailed reference:

Bürgi, Joost, 1620. Arithmetische und Geometrische Progress Tabulen/sambt gründlichem unterricht/wie solche nützlich in allerley Rechnungen zu gebrauchen/und verstanden werden sol. Paul Sessen, Prague.

Back to the top
*******************************
Workshop-2

Teaching Methods for the Use of Original Sources in the Classroom
 Michael R. Glaubitz

Albert-Einstein-Gymnasium Hameln, Knabenburg 2, 31785 Hameln, Germany

michael.glaubitz@uni-due.de

Any teacher who wishes to study original sources in the classroom is in need not only of adequate historical material but also of some methodological preparation. While the former is rather easily accessible in pertinent books and publications, information and guidance on the latter is harder to find. 

Yet, the use of original sources entails unfamiliar context elaborations and therefore requires non-standard studying methods that put more emphasis on hermeneutical, communication-accented and collaborative work, or otherwise its potentials are all too easily wasted. After a short introduction into profitable classroom strategies for working with original sources the focus will be on practical method training. The provided material is suitable for the secondary level (age 14-18).

*******************************
Workshop-2

Using historical instruments and interactive e-Textbook for experiencing the interpretation of historical textbooks: What prospective teachers learned through the lesson study project on the context of lesson study
Masami Isoda
CRICED, University of Tsukuba, Tsukuba, Japan
isoda@criced.tsukuba.ac.jp
The history of mathematics for all project developed seventy-seven materials for secondary school classroom (see: http://math-info.criced.tsukuba.ac.jp/Forall/project/history/). Each material provides three hours classes and includes the textbook as for the interpretation of original sources. Each material aimed that secondary school students engage the interpretation of textbook and learn mathematics as a human enterprise from the historical view of mathematics through their ‘Aha’ experience. For enabling ‘Aha’ experience, mathematical instruments and the files of dynamic software are provided. Each material was developed through Japanese lesson study methodology (Isoda 2007). 
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First part of workshop, participants will experience the exemplar of class using historical instruments and interactive e-textbook for knowing the aim of material. At the same time, participants will be able to experience the freeware 'dbook' developed by Masami Isoda, Univ. of Tsukuba. The freeware enables you to transform any of your printed textbooks such as historical textbook into digital-interactive materials.  ‘dbook’ enables you to use your printed textbook as interactive e-textbook just like traditional instruments in your classroom. In this workshop, the historical textbook by Schooten (1646) will be provided as an exemplar.
All materials had been developed by the master program students (prospective teachers), University of Tsukuba, as a part of the program. The project itself was done for a part of teacher education and math-educator education program. Second part of the workshop, what the master program students, prospective teachers, learned through a year will be illustrated by the affection diagram. 

[image: image20.png]Reading of sources

<= period  (2)

()
Report preparation

& Lesson implementation

U ‘s3ur mdu wrea] ‘wossa] sJuapnis
T9-pu0ds M el 0) Uy sem I

>

uonvTIORuE s
A payusws|ddns |

“sopmme A usiear

Enjoyment

Normal

N
December @ January @) March

Fiaure 1. A Case of one prospective teacher’s experiences in the project




Reference

Isoda, M. (2007). Lesson Study in Teacher Education Program.  Edited by Isoda etal. Japanese Lesson Study in Mathematics. World Scientific : Singapole.  176-179.

Explanation of ‘dbook’ : http://math-info.criced.tsukuba.ac.jp/museum/dbook_site/
The project site by Isoda : http://math-info.criced.tsukuba.ac.jp/museum/
*******************************
Workshop-2
Digitising the past mathematics by the future mathematicians
Snezana Lawrence
Education Department, Bath Spa University, Culverhay Campus, UK
snezana@mathsisgoodforyou.com
During the academic 2008/9 I started a project on digitising old mathematical textbooks with secondary school children. The idea was to engage students in analysing and comparing texts from different areas in order to bring about an understanding of the issues relating to motivation and engagement. The project is now running between Bath Spa University in England and a number of local partnership schools. Four types of participants are currently engaged on the project:

· University who provides support for trainee and established teachers 

· Established teachers who are undertaking master modules based on action research projects related to digitisation and work with the original texts

· Trainee teachers who are investigating the role of the history of mathematics in mathematics classroom

· Pupils in secondary schools of varying ability levels.

The workshop will present the findings of the project in terms of quantitative and qualitative data obtained during the project, and will attempt to engage the audience in working on analysis of a textbook from the 18th century with that of the 21st century. During the workshop we will work in identifying the potential source material for the development of ‘rich’ tasks and discussion start-points within a secondary classroom, based on the issues of:

· Language employed in setting a mathematical problem  

· Method of proof, justification, and statement of mathematical facts

· Purposes and values as projected through the textbooks which represent a programme of mathematical study at secondary level

· Acquisition of meaning through dealing with different, or in some cases, original problem to which a mathematical solution is sought. 

The workshop will also showcase the trainee teachers’ work on building maps of future continuing professional development landscapes as statements of intent through which they are able to identify their needs and desires for subject knowledge improvement. A number of initiatives to improve subject knowledge through engaging with the historical context in mathematics will be discussed, with a view of gaining consensus on the major elements of such course for both future and existing mathematics teachers. 

*******************************
Workshop-2
Mathematics laboratory with pantographs for geometrical transformations
Francesca Martignone, Michela Maschietto
Dipartimento di matematica, Università di Modena e Reggio Emilia, Modena, Italy
francesca.martignone@unimore.it, michela.maschietto@unimore.it
This workshop is related to our workshop at ESU5 (Maschietto & Martignone, 2008). We deal with the same kind of tools (the mathematical machines, see http://www.mmlab.unimore.it) and the methodology of mathematics laboratory, from a didactical point of view. The workshop is based on the presentation and analysis of teaching experiments carried out at secondary school level in the spirit of a mathematics laboratory. The essential idea is represented by the link between the manipulative aspects of the proposed activities and the learning of Mathematics. These activities are planned within the theoretical frameworks of the instrumental and semiotic mediation approaches (for more details, see Maschietto & Trouche, to appear). The mathematical machines considered are pantographs that incorporate some mathematical properties concerning geometrical transformations. 

The teaching experiment is composed of several laboratory sessions, where the students are divided into small groups and each group is invited to work by following the worksheets provided with the machine. These worksheets should guide students in the discovery of the pantograph characteristics and of the transformations properties (through the analysis of the machine, the production of drawings and the writing of a final text about the transformations implemented by the machine). 

The pantographs explored by students are: the pantograph for axial symmetry (one of the simplest pantograph in terms of structure of the machine and analysis of the law incorporated), the pantograph for central symmetry (structurally more complex, but close to the previous one in terms of the characteristics of the transformation: an isometry), and the pantograph for homothety (an instrument with a more complex structure which does not carry out an isometry).

The workshop consists of three kinds of activities: exploration of the pantographs, analysis of students’ worksheets and final discussion. The first two activities are carried out by the participants divided into small groups, while the third activity concerns the whole group of participants.  

References

Maschietto, M. & Martignone, F. (2008), Activities with the mathematical machines: pantographs and curve drawers, in E. Barbin, N. Stehlikova, C. Tzanakis (Eds.), History and Epistemology in Mathematics Education: Proceedings of the fifth European Summer University, Vydavatelsky Press, Prague. ISBN 978-80-86843-19-3, pp 285-296.

Maschietto, M. & Trouche, L. (to appear), Mathematics learning and tools from theoretical, historical and practical points of view: the productive notion of mathematics laboratories, ZDM The International Journal on Mathematics Education. DOI 10.1007/s11858-009-0215-3
*******************************
Workshop-2
Good Old arithmetic
Frédéric Metin

IREM of Dijon, Université de Bourgogne, Dijon, France

frmetin@free.fr
Rediscovering what are natural operations is a weird experience for students, because they do not always realise that their modern way of counting is quite new (only several centuries).

What about multiplication by the checker? Or by the renaissance methods, apparently still ours but that the students cannot understand, as if the figures were written the opposite way? That because they are!

A variety of problems and arithmetical methods can be found in 16th century texts, and a majority of them avoid using algebra. Giving them to students allow to create a distance between their “mechanical” knowledge and what they really know.

The activities were used in the classroom with pupils aged 15 to students aged 20.

The texts include: 

        Juan de Ortega’s Arithmetic (in Spanish, 1512 and in French, 1515)

        Robert Record’s “The Ground of Artes” (London, 1543 and further editions)

        Simon Stevin’s Tenths (1585)

and  Edouard Leon Mellema’s Arithmetic (Anvers, 1582), in which we can find a method for solving equations without the Coss.

*******************************
Workshop-2
About standard proportion rules for commercial transactions in medieval India
Catherine Morice-Singh

IREM Paris 7, Paris, France

singh.catherine@orange.fr 
Alain Bernard

Paris 12 University (IUFM) & EHESS (Centre Alexandre Koyré)

alainguy.bernard@orange.fr
In medieval mathematical texts written in Sanskrit, the authors always devoted an important part of their work to treating computational rules based on proportion. This is because the core concept called trai-rāśika in Sanskrit (literally meaning “having three quantities”, and thus known as The Rule of Three, was considered the very foundation of mathematics.

While mathematics in India initially mostly served as the handmaiden of astronomy, independent treatises on practical arithmetic started appearing later, around the 8th century. Some of the knowledge included in these treatises was indeed very useful for merchants on a daily basis.

We will provide a selection of original Sanskrit verses (from the 7th to 12th century) that describe fast computational algorithms concerning direct, inverse, compound proportion, barter of commodities, etc., as well as some of the original sample problems accompanying them. They will serve as illustrations to familiarize participants with the procedures. Most of the problems will involve calculations with common fractions, since the modern metric system was obviously not in use in India during that time.

Based on our experience, one of the main benefits of using these kinds of texts in the classroom is to make students more aware that mathematics is a human intellectual undertaking with a long and complex history, for which different tools have been developed at different times and in different places. On the one hand, knowledge of these algorithms was surely a valuable asset for merchants in medieval India who had to solve repeatedly the same kinds of problems. On the other hand, learning how to do the reasoning properly and/or how to apply an algebraic method, makes more sense for students in the 21st century.

Many more interesting points will certainly arise during the follow-up discussion with the participants.

The texts used will be taken from different parts of:

· The commentary on the Aryabhatîya by Bhâskara I (7th century)

· The Brâhma-sphuta-siddhânta of Brahmagupta (7th century)

· The Patiganita of Sridhara (c. 8th to 10th century)

· The Ganita-sâra-sangraha of Mahâvîrâ (9th century)

· The Lîlâvatî of Bhâskara II (12th century)

Everything will be provided to the participants, as these texts are not easily available.

Different algorithms will be explained in detail and experimented on original sample problems: direct and inverse rule of three, rule of five, of seven etc., barter of commodities, selling and buying of animals, proportionate division. 

No ready made worksheets for students will be given as such, as it will be left to the participants to decide what could be meaningful for them to retain from this workshop.

Age group of students concerned could be anything between 12 and 16, since the algorithms presented are not formally parts of any existing school curriculum nowadays.

*******************************
Workshop-2
Pedagogical and Mathematical Games throughout the Times: from Rithmomachia to Hex
Jorge Nuno Silva

University of Lisbon, Campo Grande, Lisboa, Portugal

jnsilva@cal.berkeley.edu
Rithmomachia, from the 11th century, is the oldest pedagogical game we know. It was created to teach the Pythagorean mathematics used in the Quadrivium. We will give a description of this game that, as a helper to teach arithmetic in the tradition of Boethius, was very famous for near five hundred years.  

The relation between mathematics and board games runs deeper than the pedagogical games can tell. 

Throughout the ages some board games were practiced which were, in a certain way, mathematical.

We focus our attention on how this happens, which varies from game to game and can show surprisingly deep relations between games and higher mathematics.

We will see some of the most important examples, ending with Hex, the connection game invented by Pit Hein and John Nash (independently) in the 20th century.

Back to the top
*******************************
Oral Presentation

Inquiry-based mathematics, History and philosophy of mathematics and ICT : an exciting challenge!
Olivier Bruneau

Centre François Viète, Université de Nantes, France

bruneauolive@free.fr
Thomas De Vittori

Université d’Artois, Laboratoire de Mathématiques de Lens, France

devittori@euler.univ-artois.fr
Les instances européennes dans le domaine de l’enseignement des sciences et particulièrement des mathématiques insistent fortement sur l’utilisation intensive de la démarche d’investigation dans l’enseignement. Cette problématique prend une dimension supplémentaire avec l’introduction des travaux pratiques et d’expérimentation en mathématiques en lycée (en France). 

En outre, le développement des technologies de l’information et de la communication (TIC) permet une approche nouvelle de cette façon d’enseigner les mathématiques. 

Dans le cadre du programme européen, FP7 Science in society, le projet Mind the Gap : Learning, Teaching, Research and Policy in Inquiry-Based Science Education, un groupe de quelques chercheurs s’est particulièrement attaché à réfléchir et à travailler sur l’introduction de l’épistémologie et l’histoire des sciences et des techniques dans une démarche d’investigation  utilisant les TIC et à montrer en quoi cela est pertinent.

Pour ce faire, il est besoin d’avoir bien défini ce qu’est un document numérique dédié à l’histoire des mathématiques. Nous donnerons donc un ensemble de critères permettant de cerner le « genre » d’un document électronique d’histoire des mathématiques dédié à la démarche d’investigation.

Les ressources en ligne sont relativement nombreuses. Notre ambition est de contribuer à les organiser et à les mettre en relation. Pour cela, il est nécessaire d’inventer un ensemble de critères qui décrive le domaine de connaissances (sources primaires ou secondaires, périodisation, …), qui rende compte de la dimension « démarche d’investigation » (modalité d'apprentissage, place de l'élève et de l'enseignant, recherche libre ou guidée...) et qui permette de hiérarchiser ces ressources. Nous en proposerons également une ébauche et nous essaierons de montrer à travers plusieurs exemples comment cette organisation peut éclairer et porter une démarche d’investigation.

Nous proposons lors cet exposé de travailler à la relecture de ressources en ligne (disponibles ou en cours de développement) afin de discuter l’ensemble des critères que nous avons retenus ainsi qu'un projet de squelette de site les mettant en application. Nous appelons toutes les personnes intéressées à relever ce défi tant il nous paraît indispensable de travailler à la mise en place d’une communauté de pratiques (d’historiens des mathématiques, d’enseignants…) de dimension européenne sur ces questions.

Exemples illustrant la diversité des ressources :

http://www.dma.ens.fr/culturemath/
http://educmath.inrp.fr/Educmath/ressources/documents/disques-a-calcul/
http://www.ub.unibas.ch/spez/bernoull.htm

http://libcoll.mpiwg-berlin.mpg.de/

http://www.bibnum.education.fr/

http://www.mathsisgoodforyou.com/
http://www.museo.unimore.it/theatrum/inizio.htm
*******************************
Oral Presentation

The Use of Original Sources in an Undergraduate History of Mathematics Class
James F. Kiernan

Mathematics Department, Brooklyn College, Brooklyn NY, USA

jkiernan@brooklyn.cuny.edu
When designing a course on the History of Mathematics, the instructor is faced with several questions. Certainly, the extent of the content covered is a primary problem. Once that has been decided, another primary concern becomes the approach, which is taken to the content. After years of telling second hand stories in this course, I have found it more interesting to let the material present itself. Why not let the student hear the original author speak for themselves?

Well, there are several problems with this approach. Much of what we need is neither accessible nor in a language the student can understand. Much of what we have is unreliable, having been recopied many times over history. Yet it is the basis for much of what we teach in such a course. If the instructor has done some research on the pitfalls of using original sources, the student will benefit from having been guided through them. 

I would like to discuss resources, which are available in print form and on the web. I would also like to consider various approaches to the material including guided reading and assignments outside the classroom. This material could include not just strictly mathematical content but works which show the place of mathematics in society.

*******************************
Oral Presentation

The False-Position on proportional reasoning teaching
Rosa Maria Machado, Miriam Sampieri Santinho

Laboratório de Ensino de Matemática-LEM,  

Instituto de Matemática Estatística e Computação Científica-IMECC, 

Universidade Estadual de Campinas, Campinas, São Paulo, Brasil
rmmachado@cotil.unicamp.br, rmm@vivax.com.br,  msantinho@uol.com.br
This work presents the use of Mathematics History on high school classes, involving 240 Brazilian students, aged between 14-17 years old.  The topic chosen was proportional reasoning through “False Position”. The False Position Rule is a method to solve certain types of problems, giving an arbitrary value to the question; and checking in the problem conditions this value, if it does not correspond to the solution, it is modified by proportionality. This method appears in the Egyptian papyrus (~1800 b. C.) in several problems, it was explored by Euclid on the “Elements” (~300 b. C.), in the text “Arithmetic”, by Diofanto (~250  A.D.) and in the Hindu Bakhshali manuscript (~600 A.D.). The famous Arabic mathematician Al-Khowarizmi (~850 A.D.) uses the rule and also expands to more complex solutions. In 1202, Leonardo of Pisa (Fibonacci), publishes his famous book “Liber Abbaci”, where, besides introducing in Europe how to calculate with the Hindu-Arabic numeral system, solves several problems with this rule. arithmetic book “Rechenung auff Allen Kauffmanschafft”, in which he solves several problems using the rule of the false position, called “excess and deficiency”. In 1494, Luca Paccioli, in his book “Summa de arithmetica, geométria, proportioni et proportionalita”,discusses and applies this rule.  In the Renaissance many school-book authors, already frequently use the false position rule, even in Spain and Portugal. In Brazil and in the Unites States of America it appears in some school-books in 1850. It is possible to find it in school-books in Brazil until the beginning of 20th century, for example, the book Aritmetica- Teoria e Pratica (Arithimetics – Theory and Practice) from Andre Perez y Marin (1928). In the most used old school-books it is cited as a rule without any explanation in the reason why it solves the proposed problem. It is believed that the false-position should retake the methodological suggestions of the Mathematics education, because, besides arousing in the student a search for a solution, even arbitrary, for a problem, it develops all error correction reasoning. It will be related an experience done in Limeira in the state of São Paulo – Brazil in the beginning of the academic year in 2009 (from February to April). Several problems from the Rhind papyrus, in Liber Abbaci and others found in old Mathematics books from Brazilian and Spanish literature involving the False-Position rule were selected and presented to students. According to the orientation of the teacher the students solved these problems using an arithmetic process and not algebraic one, making it possible a reflection about the different procedures used. It was observed that while the students were solving the problems they presented different strategies to solve proportions with the False-Position instead of using the rules of three. Some reflections and suggestions are highlighted in the development of the work related to the Mathematics teaching with support from the History of Mathematics, which in this case, specifically, promoted the development of proportional reasoning.

*******************************
Oral Presentation

Understanding mathematics using original sources
Rosa Massa,Iolanda Guevara,Carles Puig-Pla,Fatima Romero

Centre de Recerca per a la Història de la Tècnica, Departament de Matemàtica Aplicada I, 

Universitat Politècnica de Catalunya, Barcelona, Spain
m.rosa.massa@upc.edu
The History of Mathematics, as an explicit resource in the classroom, allows the improvement of the learning of mathematics. Through the analysis of significant texts from the historical evolution of mathematical concepts, the Group of History of Mathematics of the Association of Barcelona for the Study and Learning of Mathematics (ABEAM) elaborates historical materials to be used in the classroom since 1998. 

In this presentation we will describe the situation in the Catalan curriculum of mathematics for the secondary school and we will analyze some examples experimented in the classroom. In addition we will discuss the criteria for preparing the historical texts to be used in the classroom, as well as the conditions for using it as a powerful tool for understanding mathematics.

*******************************
Oral Presentation

Use of History of Negative Numbers in Education
Lenka Molitorisová

Department of Algebra, Geometry and Didactics of Mathematics, Faculty of Mathematics, Physics and Informatics, Comenius University, Bratislava, Slovakia

molitorisova.lenka@gmail.com
In the paper we focus on historical development of the term negative number, which reveals that this term has been accepted with great difficulties, gradually and in course of very long time. We will look at how negative numbers are used with mathematicians in China (The Nine Chapters on the Mathematical Art). In the seventh century in India these numbers were used by Brahmagupta, who set rules for operations with negative numbers. Furthermore, we will talk about Cardano and his Ars Magna, Descartes, Newton and others. We will discuss relationships between problems of students with understanding the term negative number and its complicated development in history. Hereby, we will mention ways of using concrete mathematics problems, which have been solved in the history of mathematics.  
*******************************
Oral Presentation

Euclid’s  construction of the regular  pentagon
João Bosco Pitombeira Carvalho

Universidade Federal  Do  Rio De Janeiro, Rio De Janeiro,  Brazil
jbpfcarvalho@gmail.com
We will present   the well-known modern construction for the regular pentagon, described, for example, in Aaboe’s, Episodes from the early history of mathematics, and then go on to compare it with Euclid’s own presentation, showing how Aaboe superposed a modern algebraic interpretation of Euclid’s original geometric treatment. The treatment in the Elements will be discussed, showing how the  “[construction] of an isosceles triangle having each of the angles at the base double of the remaining one” allows one to inscribe a   regular pentagon in   a circle. It will be stressed that Euclid’s   treatment is very “economical”, since it does not require considerations neither of proportionality nor of angle measures, and how Euclid uses, in his chain of proofs, the problem of dividing a straight line so that the rectangle contained by the whole and one of the parts is equal to the square on the other part. Hopefully, this will enhance the perception of how a great part of elementary Euclidean geometry can be made to rest on very simple results, namely those contained in Books I-IV of the Elements.   

Finally, we will mention the fascination of the search for constructions of the regular polygons through the ages, shown, for example, by many different constructions for the pentagon, Archimedes   approximate construction for the heptagon, and the definitive contributions of Gauss and Wantzel, which are not constructive results in the sense that they do not show how to actually construct a specific constructible regular polygon. This last topic displays a change of viewpoint very common in Mathematics and which has proved very fruitful: from the solution of particular cases to the consideration of a whole class of problems. 

*******************************
Oral Presentation

The algorithms of Poincaré, Brun, and Selmer
Fritz Schweiger

IFFB Didaktik und LehrerInnenbildung, University of Salzburg, Austria

fritz.schweiger@sbg.ac.at
The idea of continued fractions in several dimensions has at least two roots. One is the idea of generalizing J. L. Lagrange's characterization of quadratic irrational numbers as periodic continued fractions. This path was followed by C. G. Jacobi. The other idea is to provide approximations to an n-upel of numbers by rational numbers with a common denominator. This problem is deeply rooted in history and related to musical theory. Several proposals related to the names of Poincaré, Brun, Selmer, and others have been made. Due to the elementary nature of posing the problem one can use some original publications even in school.

*******************************
Oral Presentation

The Logarithmic Function and the Quadrature of the Hyperbola
Eduardo Sebastiani Ferreira

Sociedade Brasileira de História da Matemática, IMECC, UNICAMP, Campinas, Brazil

esebastiani@uol.com.br
One of the facts that has deeply puzzled me is the link between the logarithmic function and the quadrature of the hyperbole, because of the analyisis of historical books and documents that I have been doing for some time. This fact, although known since the 17th century, was not clear for the mathematicians. I quote Bourbaki:

“Quoi qu´il en soit, J. Gregory, en 1667, donne ,sains citter que ce soit,..., une règle pour calculer les aires des segments hyperboliques au moyen des logarithmes (décimaux) : ce qui implique à la fois la connaissance théorique du lien entre la quadrature de l´hyperbole et les logarigmes, et la connaissance numérique du lien entre logarithms “naturels” et “décimaux. Et-ce à dernier point seulement que s´applique la revencidation de Huygens, que conteste aussitôt la nouveauté du résultat de Gergory? C´est que n´est pás plus clair pour nous que pour les contemporians; ceux-ci en tout cãs eu l´impression nette que  l´existence d´um lien entre logarithmes et quadrature de l´hyperbole était chose connue depuis longtemps, sains qu´ils pussent là-dessus se référer qu´à des allusions épistolaires ou bien au livre de Grégoire de Saint-Vincent”(Bourbaki, J. – p.214).

I started my research with De Beaune's letter to Roberval dated 16 October 1638  (De Beaunde, apud Waard, p.139-150), where he states and tries to solve for the curve, which was named after him, under conditions on the tangent at any of its points. It is one of the first inverse tangent problems. Descartes' reply, correcting his proof, comes in a letter to Roberval dated 15 November 1638 (Scriba, p.118-122). Eventually, Leibniz in a letter to Oldenburg of August 1676 shows (Scriba, p.122), using his differential calculus and his notation, that:
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The elucidation came to me when L’Hôspital wrote in Journal des Sçavans about this curve and cast a challange for the calculation of its length, which was solved by Varignon 11 years later in the same journal., (L´Hôpital, 1692, p. 401-403 (Varignon. 1703)

In this text I present Varignon´s calculation of the length of the De Beaune curve and an analysis of this solution.

*******************************
Short Oral Communication
Introducing Copernicus’ De revolutionibus to trainee math teachers
Maria José Mendes,  Bernadete Morey

Federal University of Rio Grande do Norte, Brazil

mjfm@orm.com.br, bernadetemorey@gmail.com
Mathematics teacher training demands a lot of care, considering the profession’s complexity and the constant challenges teachers need to overcome in their daily work. Thus, there are several aspects that have to be taken into account to an efficient teacher training program: professional, pedagogical, psychological and reflexive aspects, amongst others. Consequently, there is other diverse knowledge required from a Math professor. In addition to the necessary conceptual and procedural mathematical knowledge, the Math teacher has to understand the nature of Mathematics to have a basic socio-cultural formation in general and specific educative questions. It is also needed that the teacher has such a cultural knowledge that allows her/him to be open minded to other non mathematical areas. So, we believe that the work with original Mathematics and Science History sources can provide the teacher training we want. Believing so, we took the original work of Nicolaus Copernicus, “De revolutionibus orbium coelestium”. Copernicus’ book was used to work with undergraduate students, future Math teachers. Our goal was to lead students to calculate themselves a sinus table. Following the schema used in “De revolutionibus”, we constructed with ruler and compass all the geometric figures needed for the deductions of the theorems that allow us to calculate the entries of the chord table. Transforming a chord table into a sinus table was a simple task. Geographic maps, photos of referring old documents to the sprouting of trigonometry and texts on the theories of the universe were also carried through consultation. When giving more analysis, at great length, to the workmanship, we realized to be facing an important source of culture, able to provide to the Math teacher training something more than just the inserted mathematical knowledge in the construction of the table. The experience enabled us to discuss about the history of human kind, the development of sciences and of the society. Nevertheless, our research study, whose objective is the investigation of possibilities in using original historical sources of science (and/or mathematics) to provide a wider, deeper and multidisciplinary formation to the teacher training, is still in progress and many questions are open. 

Back to the top
***********************************************************************************
Theme 4

Plenary Lecture
Which is the cultural and interdisciplinary role played by physical and Mathematical  

Sciences? Epistemological Reflection

Raffaele Pisano

Centre François Viète, Université de Nantes, France & Università La Sapienza Roma, Italy
pisanoraffaele@iol.it
An outline of the problem: It is a fact that many European countries and education centres are reflecting brilliantly upon higher scientific education focusing on physics and mathematics especially. It is unthinkable to learn and understand the scientific sense of a subject without deepening its intellectual and cultural background, e.g. history and its foundations: how is it possible to keep on teaching sciences being unaware of their origins, cultural reasons and eventual conflicts and values? And how is it possible teaching and remarking the contents and certainties of physics and mathematics as sciences not having first introduced the sensible doubt about the inadequacy and fluidity of such sciences in particular contexts? By focusing on mathematics, physics and its relationship, a larger base of analysis should be adopted. It should include not only disciplinary matters but also interdisciplinary issues among history, philosophy, epistemology, logics and foundations of physical and mathematical sciences. A multidisciplinary teaching based on large themes-problems toward a scientific education based on different formulations of the same theory would be appreciated. 

In this talk, some of the following case studies on relationship physics-mathematics are presented and discussed. E.g., lack of relationship physics-logics, space and time in mechanics, mechanics and thermodynamics, ad absurdum proofs, non-Euclidean geometries and the space in physics, planetary model and quantum mechanics, infinite-infinitesimal and measures in laboratory, heat-temperature-friction, and reversibility phenomena, concept of set and field, continuum-discrete models in mechanics and theory of elasticity of the XIX cent., hypothesis ad hoc in the theory, local-global interpretation and differential equations-integral, point-range and physical phenomena, mechanics, kinetic model of gases and thermodynamics.

*******************************
Workshop 3

Mathematisation of nature and new conceptions of curves in the years 1630

Evelyne Barbin

Centre François Viète, Université de Nantes, France
evelyne.barbin@wanadoo.fr
In years 1620-1640, a new approach of the phenomena of nature led to new problems, because the scientists are now more interested to understand phenomena by finding laws than to explain them by their causes. In this workshop we will examine two examples, where the news problems led to new conceptions of curves. Indeed, Greeks geometers studied curves only by geometrical propositions. But with the study of the trajectory of a projectile, Galileo obtained a kinematical conception of curves and with the research of optical curves; Descartes proposed an algebraic conception of curves. In each example, there is also a new conception of a tangent to a point of a curve, which is linked with the phenomena of nature and which permits to obtain methods of invention of tangents.

In 1638, Galileo published his Discourses on two new Sciences, where he proved that the trajectory of a projectile is part of a parabola. For the Greek geometers, the parabola was a static object, defined geometrically by the intersection of a cone with a plane. With Galileo, the parabola becomes a cinematic notion, conceived as the trajectory of a moving point. The Roberval's method for finding the tangent at a point of a curve is based on the kinematical conception of curves. The study of motion in the 17th century become a powerful instrument of invention leading, at the end of the century, to the method of fluxions of Newton

Around 1628, Descartes solved the anaclastic problem that means the problem to find the form of a lens such that if incident rays of light are parallels then the refracted rays converge to one point. The research of optical curves, like the ovals, led him to a double conception of a curve, as a result of well-regulated motions and as an equation, and also to his algebraic method to find circles tangents to a curve.

These historical examples can be serve for two purposes: to enrich thematical teaching of curves and to build bridges between teachings of mathematics and physics.

Historical texts: 


Galileo, Discourses on two new sciences, 1638.

Roberval, Observations on the composition of movements and on a way of finding tangents to curves, 1693.

Newton, Method of Fluxions and infinite series, 1736.

Descartes, The Geometry, 1637.

*******************************
Workshop 3

What can we learn from a 16th Occitan Treatise of Arithmetic?

Renaud Chorlay, Annie Michel-Pajus

IREM Paris Université Denis Diderot, Paris, France
annie.pajus@club-internet.fr, renaud.chorlay@univ-paris-diderot.fr
We shall study the Cisterna Fulcronica ”(Fulconis’ Cistern), published  in 1562.  Written in the tongue of Nice by a master in Writing and Arithmetic, it is explicitly intended at the self-training of merchants and craftsmen in commercial arithmetic.

Fulconis mentions accurately his sources: Jacques Grant, Estienne De La Roche, Gemma Frisius, allowing us to look at his theoretical and pedagogical choices : for instance, at the choice and place of definitions, examples and applications, at the memorizing methods as repetition, striking denominations or visual layout. Moreover we can compare with another reading of Gemma Frisius, namely that of Pierre Forcadel. This study allows teachers to discuss the ways of presenting and passing on a mathematical notion to our students.

By the way, Fulconis opens a window on the life in the County of Nice, whose history is not taught in France.

Some extracts of this book have been used in interdisciplinary work, in order to impart to students both some knowledge of Occitan culture as well as arithmetical notions, rather basic but not that well known by non-scientific students.

Though discussions will be in English, all the source-texts (Fulconis, De la Roche, Frisius, Forcadel) will be translated only in modern French. 

*******************************
Workshop 3

An anthology of mathematical tools for numerical methods: from 1805 to 1855

Roger Godard

Royal Military College of Canada, Canada
godard-r@®mc.ca
This workshop extends from the first half of the XIXth century, and more specifically the period from 1805 to 1855, which concerns our quest to find roots to numerical mathematics. We chose the date of 1805 with Legendre on least squares, and Gauss on the FFT, also the closing date of 1855 with Chebychev and his discrete generalized Fourier series. During this period, at least four great mathematicians: Gauss, Cauchy, Jacobi and Dirichlet contributed greatly to the “approximation mathematics”, and we shall present some of their motivations. If we take Cauchy as an example, he developed the existence theorems for ordinary differential equations, the solution of systems of linear differential equations, the interpolation theory, the spectral theorem for matrices, the convergence properties of the Newton method for root findings, the steepest descent for minimization methods, etc.  Gauss’ contributions on the solution of linear equations were a major breakthrough, and also his Gaussian quadrature for the numerical solution of integrals. These contributions are well presented in books on the history of numerical methods.  In this present anthology, what concerns us mostly is that is called the “almost lost and found again”. We have selected by chronological order, the 1835 Duhamel principle on convolutions, the 1841 Sarrus article about the generalized bisection algorithm for a system of nonlinear equations, the 1846 Jacobi’s article on eigenvalues, and the 1850 Dirichlet tessellations in the plane. Whereas, Dirichlet tessellations are defined as follows: a finite set of distinct points divides the plane into polygonal regions, each region containing one of the points and comprising that part of the plane near to its defining point than to any other. Dirichlet tessellations proved later to be a powerful tool to sparse data interpolation and to computational geometry. We conclude with the 1851 Schellbach article on the approximation to variational problems, i.e. an earlier example of the finite element method, and finally with the 1855 Chebychev work on the generalized discrete Fourier series.

Back to the top
*******************************
Workshop 2

Geometrical and physical models to introduce vectors in secondary education

 Eleni Dimitriadou

Regional Administration of Education, Central Macedonia, Thessaloniki, Greece
ledimitr@hotmail.com
Constantinos Tzanakis
Department of Education, University of Crete, Rethymnon 74100, Crete, Greece
tzanakis@edc.uoc.gr
For many years, vectors used to be - and still remain - marginal to the Greek secondary mathematics education. Young students are left for many years to form their own ideas about vector concepts only on the basis of physics courses and every day life experience, up to grade 11 (16-17 year old), where they are introduced to vector algebra applied to geometry. 

Our previous research with Greek students (9th-12th grades), has verified specific and persisting difficulties concerning certain epistemological aspects of vector concepts. Students’ difficulties and strong preconceptions concerning vector quantities and operations have also been verified by other researchers, mainly in physics education. 

In our opinion, the vectorial notions are too complicated to be introduced in secondary education in their abstract mathematical form. On the other hand, physics is a suitable field to introduce vector concepts and operations in a more intuitive, natural way. Moreover, from a historical point of view, it was the interplay between pure mathematical and physical situations that influenced the emergence of vector concepts and operations. In fact, vector concepts and methods, as well as the corresponding notation, were first established in physics; mathematical practice followed once the efficiency of vectorial methods became clear. This historical influence of physics is ignored in the Greek secondary education curriculum. 

Based on students' difficulties concerning vector concepts and implicitly influenced by the historical development of the subject, we designed and implemented a teaching experiment with 8th and 9th graders (14-15 year old). Vector methods and concepts were treated as a new language, which should be learned and its virtues should be explored. Our teaching approach was designed along the following three directions: 

1. A historical-genetic approach inspired by key factors that were central to the historical development of vector calculus. These factors are related both to physics and geometry: (a) composition of motions, (b) composition of forces and (c) composition of displacements.
2. Didactical approaches connected to understanding and learning procedures of vector language (Vygotsky, Donaldson, Booth).

3. Pedagogical approaches based on active participation and classroom communication during the learning procedure.

We used didactical activities based on geometrical and physical situations (involving displacements and velocities & forces, respectively), where vector concepts and operations are handled in the context of different conceptual frames. Vectorial methods are conceived not as an abstract tool to express, handle and develop logically geometrical and physical concepts, but rather, as a means that clarifies (or even partly determines) their content and meaning, thus becoming crucial for the creation and development of new mathematics.

Our experimental approach gave us the opportunity to face, handle and attempt to eliminate many different difficulties, related to the multifarious, composite nature of the vector language. The results indicate that our experimental teaching helped students to overcome some of their wrong conceptions and to proceed to a synthesis of partial concepts in a more coherent and abstract cognitive construction.
*******************************
Workshop 2

The Conjoint Origin of Proof and Theoretical Physics

 Hans Niels Jahnke

Universität Duisburg-Essen, Essen, Germany
njahnke@uni-due.de
This paper examines the historical fact that the Greeks invented not only the idea of mathematical proof but also and simultaneously ‘theoretical physics’. This simultaneity was not accidental; rather, the two events were connected and influenced each other. The link between them was an idea in the Greek philosophy of science called ‘saving the phenomena’. The paper establishes a connection between this idea and the pre-Euclidean meaning of the term ‘axiom’. The astronomical problems by which the Greeks were led to the idea of ‘saving the phenomena’ are well suited to be explored in the teaching of mathematics at school with the intention to enter a discussion about the origins of the axiomatic method.

*******************************
Workshop 2

Enhancing students’ understanding of variance: physical experiments based on a historically inspired model

Michael Kourkoulos, Constantinos Tzanakis, Miltiades Tsigris 
Department of Education, University of Crete, Rethymnon 74100, Crete, Greece
mkourk@edc.uoc.gr, tzanakis@edc.uoc.gr, mtsigris@edc.uoc.gr
A didactically oriented study that we have done on the history of statistics
 points out the importance of the context of the treated situations in the emergence and evolution of basic statistical concepts and methods, like variance, the method of least squares etc. In particular, it points out the importance of the complexity of the involved situations. Although these concepts and methods were initially conceived and developed in the context of the treatment of measurements’ errors in situations and problems of astronomy and geodesy, their transfer to the social sciences encountered important conceptual difficulties and followed a complex evolutionary process that lasted for almost a century. Furthermore, history points out that there has always been an intimate relation between statistics and physics, not limited to the fruitful developments related to problems of geodesy and astronomy, during the 18th and 19th centuries; among others, it also concerns the kinetic theory of gases and statistical mechanics. This relation has gradually permitted to understand that basic statistical concepts have a deep physical meaning (like the absolute temperature, the kinetic energy of the molecules of an ideal gas, Brownian motion etc).

In the usual introductory statistics courses, it is very common to use (almost) exclusively examples related to social phenomena (labeled also as “every day life” phenomena), whereas meaningful examples from other domains - like physics and geometry - are absent.

Our analysis of students’ behavior points out that: (i) at the introductory level, it is difficult for them to get a coherent meaning of variance only on the basis of situations related to social phenomena; (ii) the restriction to such examples in introductory statistics teaching can activate important epistemological obstacles against students’ understanding of variance. On the other hand, the study of the history of statistics points out that one of the most promising ways may be based on the use of adequate physical models. Indeed, looking at the rich reservoir of examples provided by history allowed us to identify such models. 

As a first step, we explored the didactical use of two generic such models in introductory teaching of statistics; namely the moving particles’ model and the springs’ model, which have important interpretative virtues concerning variance and its properties and are the simplest ones, presupposing only rudiments of elementary physics. Hence, they were adequate for students like ours (prospective elementary school teachers). The results of the use of these two generic models in our previous teaching were very encouraging, where only paper-pencil and blackboard work was involved
. However, last year, in collaboration with the Laboratory for Science Teaching of the Department of Education of the University of Crete, we designed an experimental setting that constitutes a macroscopic realisation of the moving particles’ model.

This setting involves small vehicles of different mass, moving in one dimension (on a rail). The dispersion of the vehicles’ velocities is realized mechanically (using stretched springs incorporated in the vehicles). Last year we used the experimental setting in an introductory statistics course to students of our department. In this work we analyze some of the benefits on students’ understanding of variance that followed from the implementation of this experimental setting:  (i) Its use, combined with the generic model and adequate references to the historical modelisation of fundamental physical phenomena offers students the vivid picture of variance as expressing the dispersion energy of the elements of a physical system and that this holds for many fundamental physical phenomena. This greatly facilitates students’ initial understanding and acceptance of variance as a basic dispersion measure. (ii) It allows for a clear and simple physical explanation (proof) of the basic property of variance 
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 (iii) Its use facilitates students’ conception of the following important characteristic: the final distribution of vehicles’ (particles’) velocities can be realized in different ways: Not only with a unique dispersion from their common initial velocity, but also through a succession of dispersions of the vehicles’ velocities. In fact the succession of dispersions in the context of the model is equivalent to a sum of random variables. Thus, students’ research work on the successive dispersions that lead to the final distribution of vehicles’ (particles’) velocities facilitated the subsequent introduction of the concept of the sum of random variables.

Back to the top
*******************************
Oral Presentation

Beginnings of Potential Theory

René Guitart
Institut de Mathématique, Université Paris 7-Diderot, Paris, France
rene.guitart@orange.fr
Potential theory is a central theme of analysis, it originated from attempts to understand the force fields defined by Newton's universal law of gravitation. The subject was developed as a self-contained mathematical discipline in the end of the 18th century and in the begining of the 19th century with the works of Lagrange, Laplace, Legendre and Poisson. In his Essay on the application of mathematical analysis to the theory of electricity and magnetism of 1828, Green introduces the name of « potential », defines the « Green's function » for the Laplace equation in any finite region, and gives new physical interpretations of potentials. 

This history, and especially the part played by Green, offers an interesting example for students about the dialectical relations between physics and mathematics. 

*******************************
Oral Presentation

Context Learning - Interdisciplinarity in Mathematics and Other Disciplines

Barbora Kamrlova
FMFI Comenius University, Mlynska dolina, 841 06 Bratislava, Slovakia
bkamrlova@gmail.com
There are many attempts to join mathematics to other subjects of general education.  As we see, in our country this approach does not bring too much success. In spite of fact that history of mathematics represents itself a very important part of general history of human science and thinking, we can only rarely find this truth applied in other subjects.

I would like to attract attention on the other side of the planet – excepted inclusion of history and historical events in mathematics, I would like to talk about a possibility to profit of mathematics in the other subjects – music education and fine arts particularly. There are several moments favourable to talk about historical facts from mathematics when teaching rhythms, harmony, scales, proportionality and ornaments or symmetries in music or arts.

The problematic point in such teaching is a knowledge base, unavoidable for teachers.

Our proposal is an equivalent of “wikipedia” or any other Stanford.edu encyclopaedia, opening access for any teacher and student to possibly present context concerning learnt content from a whole general educational curriculum.

*******************************
Oral Presentation

Using the understanding of the history of mathematics as a tool for analysis of mathematical thinking of high school students

Zuzana Kimličková
Comenius University in Bratislava, Faculty of mathematics, physics & informatics, Bratislava, Slovakia
kimlickova.zuzana@gmail.com
My work is dealing with problems of exploiting history of mathematics in teaching mathematics lectures. It shows how history of mathematics can help us to determine which knowledge and procedures are essential for teaching mathematics today.

First part is devoted to idea of identifying mechanism of knowledge process. This idea is about of how neglecting significance of history in mathematics education is linked to simplism of knowledge, which does not have resource in the understanding of process, but is supporting memory process – so called memorizing. I will analyse texts: Cardano: Ars Magna, Viete: Analytic art, Euler: Algebra.

Learners don’t have inter- connection between expired and new knowledge, there is not inter- connection between history, teaching and real/ daily life and therefore they forget very fast. 

Second part is devoted to methods of teaching algebra didactics which would be aimed above all to teaching to analyse and evaluate information and, furthermore, to teach to think logically and deal with algebra didactics and exploiting history of mathematics in teaching. Some good problems can be found in the history of mathematics, which can be used in classroom.

We will discuss the motivation of a teacher of mathematics and history of mathematics in the education at schools.

*******************************
Oral Presentation

Les courbes de raccordement au XIXe siècle en technique ferroviaire et routière et l’avènement de la clothoïde aujourd’hui enseignée

Xavier Lefort
Département  Génie Civil, IUT de Saint-Nazaire, Saint-Nazaire, France
xavier.lefort@univ-nantes.fr
Concernant le tracé des routes et chemins de fer, parcourus à une vitesse assez élevée, le raccordement entre deux lignes droites ne peut en aucun cas être un arc de cercle. La force centrifuge entraînerait à l’évidence le véhicule hors de la trajectoire souhaitée.

L’étude des courbes de raccordement voit le jour avec la construction des lignes de chemin de fer au XIXe siècle. Différentes solutions sont utilisées, telle la juxtaposition d’arcs de cercle de rayon décroissant pour le tracé de la ligne du BRENNER en Autriche, avant d’arriver à la solution de la Clothoïde. Celle-ci présente en effet un rayon de courbure variant linéairement et fait appel aux intégrales de FRESNEL, dont l’origine est à chercher en…optique.

Cette courbe doit donc faire partie du bagage mathématique de tout étudiant en topographie et en Génie Civil, et son utilisation, faute d’une écriture algébrique, fait appel à des tables ou à des logiciels.

L’exposé se fera en allemand, avec transparents ou diapositives en français et en anglais.

*******************************
Oral Presentation

Mathematical models of surfaces: a historical-didactic overview

Irene Polo Blanco
Group Didactics of Mathematics, Department of Mathematics, Statistics and Computer Science, 

University of Cantabria, Santander, Spain
irene.polo@unican.es
In the second half of the 19th century the building of models of geometric objects became popular among mathematicians of the time. These models, mostly made of plaster or thread on a metal frame, were designed in order to visualize a variety of algebraic curves and surfaces that had been discovered. Much of the model building took place in Germany. Mathematicians such as Felix Klein, Alexander von Brill, Walter von Dyck and several of their students were responsible for the design. Between 1880 and 1935 the German companies L. Brill and M. Schilling massively distributed copies of about 400 different models to the universities in Europe and in America. Many of these collections can still be found nowadays in exposition in many universities. The research reported here had its origin in the conservation of the collection at the University of Groningen. Several aspects concerning these models were examined. Here we will look at the following: the original purpose of building the models and their actual use throughout time, their conservation, the mathematics of some of them (what surfaces where modelled and why? how did they help to visualize the mathematical objects that represented and their properties?), the educational aspects (were they used in teaching? was the participation of students in their design part of a specific training?) etc. We will conclude by presenting some ICT-techniques that were used for the restauration of some of these models and for the construction of new ones, and encourage the use of these techniques in the classroom to help students visualize these geometric objects. 

*******************************
Oral Presentation

Mathematics for students of Digital Arts and Graphics Design: A historical approach

Alejandro Miguel Rosas Mendoza, Leticia del Rocío Pardo Mota
Centro de Investigación en Ciencia Aplicada y Tecnología Avanzada, México

University of Cantabria, Santander, Spain
alerosas@ipn.mx   alerosas2000@gmail.comr
In Mexico most students from digital art and graphic design schools do not take mathematics courses because “they do not need it” and High School do not offer mathematics for those students. In Instituto Tecnológico y de Estudios Superiores de Monterrey (Monterrey’s Technological Institute of Superior Studies) the curricula includes two courses with basic topics like functions, graphs, inverse function, functions composition, and advanced topics like differential calculus, integral calculus, vector analysis and fractal geometry.

The main problem is to keep students involved and interested in exponential functions, logarithms, derivatives, integrals, etc. We have tried a course based on examples of applications of mathematics in every day life, but it has been difficult.

In this talk we will show our new approach to attract student’s attention, we have designed a (long) didactic activity that has been applied during a whole semester. History of mathematics is the key and the special skills for digital animation and graphic design of these students are the means to keep them interested.

One example, when we were studying derivatives we solved problems and saw some applications and student’s special homework was to produce an animation related to the historical context of derivatives. Some students made a “dramatization” of the dispute about the invention of calculus.

We will show some animations produced by our students on different topics.

Back to the top
***********************************************************************************
Theme 5

Plenary Lecture
Practical Geometries in Islamic Countries: the example of the division of plane figures
Marc Moyon

Centre d’Histoire des Sciences et d’Epistémologie de Lille1 & IREM de Lille

marcmoyon@gmail.com

The division of plane figures is a geometrical chapter developed in numerous works written in Arabic. In the extension of the Greek practices, this chapter knows original developments in Islamic countries. The aim of the conference is to show its diversity from several books of the Muslim Orient and Occident from the 9th century and until the 14th century.

This diversity is first based on the multiple origins of the problems. They are linked, among others, to the practices of craftsmen, architects or jurists. For example, jurists had to decide on the sale or the sharing of fields. To divide a geometrical figure in a certain number of similar figures is an important problem for the decorators who embellish palaces, madrasas and other mosques and mausoleums. Besides, these problems are illustrated in some writings of eminent geometers.

This diversity also expresses itself by the wealth of procedures of construction and resolution for which the whole mathematical knowledge is welcome.

*******************************
Workshop-3
Word problems as mediators of mathematical knowledge between cultures
Kristín Bjarnadóttir
School of Education, University of Iceland, Reykjavík, Iceland

krisbj@hi.is

Albrecht Heeffer
Center for Logic and Philosophy of Science, Ghent University, Ghent, Belgium

albrecht.heeffer@ugent.be

By means of two cases we will show how problems act as mediators of mathematical knowledge between different time periods and across cultures. A first example deals with the problems from Euler’s Algebra, which are mostly taken from the first printed book on algebra published in Germany. The fact that Euler chose to use the problems of a 250-year old book is surprising but has an explanation. In the workshop we will identify some of these problems from their original source and discuss the differences in solution method and didactical purpose. In Euler’s book the problems are treated as examples of translating word problems into a symbolic language. In a second example we start from an Icelandic manuscript, which deals with elementary number concepts as numeration, the four operations in whole numbers and fractions, monetary and measuring units, extraction of roots, ratio, progressions and proportions. We will compare the examples and the didactical style of the manuscript with possible textbooks written in German, including Euler‘s elementary arithmetic, as models for education in the vernacular. Some knowledge of German is useful but not necessary to particpate in this workshop.

Purpose: 

· to let participants familiarize with original sources available from digital repositories
· to understand the changing historical role of problems in elementary mathematics
· to discuss how original historical sources can be used in the classroom
· to understand the mediating role of problems across time periods and cultures
Schedule:

· a introduction on the changing role of problems in textbooks from the sixteenth to the eighteenth century (A. Heeffer, 20 mins)

· a hand-on session with some of the problems of Euler’s Elements of algebra compared to Stifel’s edition Rudolff's Coss (1554) (1 hour)

· break

· an introduction on the context of an Islandic manuscript (K. Bjarnadóttir, 20 mins)

· a hands-on session with possible sources of the text (1 hour)

· Q&A and conclusion (20 mins)

Available source material

For case 1:

· Michael Stifel (1554) Rudolff’s Coss 

· Leonhard Euler (1770)  Vollständige Einleitung zur Algebra (also available in English and French)

For case 2:
· Sigismund Suevus (1593) Die löbliche Rechenkunst

· Georg Meichsner (1625) Arithmetica Historica Das ist: Rechenkunst

· Leonhard Euler (1738) Einleitung zur Rechenkunst zum Gebrauch des Gymnasii

· an English translation of some of the problems of an Icelandic manuscript

*******************************
Workshop-3
Al-Sijzī's perfect compass : conics, movement and foundations of mathematics in the 10th century (and after...) 

Thomas De Vittori

Université d’Artois, Laboratoire de Mathématiques de Lens, France

devittori@euler.univ-artois.fr
Les instruments de tracé géométrique existent vraisemblablement depuis que les hommes se sont intéressés aux mathématiques. À la fois théoriques et pratiques ces outils rappellent que la géométrie se situe à la croisée du monde sensible et des abstractions mathématiques. De ce fait, les considérations techniques des savants conduisent souvent à des questions philosophiques.

Actif dans la deuxième moitié du 10e siècle, al-Sijzī s'est intéressé à un instrument en particulier : le compas parfait. À cette époque, plusieurs autres mathématiciens se sont penchés sur cet outil permettant le tracé continu de toutes les coniques. On pourra citer al-Qūhī (l'inventeur du compas parfait), mais aussi Ibn al-Haytham et d'autres encore. Tous ont écrit des traités sur ce compas mais, malheureusement, la plupart de ces ouvrages sont perdus. Ce n'est pas le cas du livre d'al-Sijzī.

Au cours de cet atelier, nous proposons de parcourir quelques passages des traités d'al-Sijzī. Ces derniers montrent l'importance de la question du tracé continu des courbes et offre un témoignage intéressant sur la place des instruments dans la recherche mathématique. En lien avec cette première thématique se pose également la question de la place du mouvement dans la géométrie. À mi-chemin entre philosophie et science, l'acception ou non du mouvement comme principe licite en géométrie est l'un des autres thèmes fort des 10e et 11e siècles. Pour illustrer ces débats, nous proposons de partir des textes d'Ibn al-Haytham et de quelques commentaires qu'ils ont pu susciter.

Références :

→ al-Sijzī

Sur la description des sections coniques

Sur la construction du compas parfait

Texte arabe et traduction française dans : Œuvre mathématique d'al-Sijzī, R.Rashed, Les Cahiers du Mideo, 3, Louvain-Paris, éditions Peeters, 2004.

→ Ibn al-Haytham

Les connus

Texte arabe et traduction française dans : Les mathématiques infinitésimales du 9e au 11e siècle, R.Rashed, vol. IV, al-Furqān Foundation, 2002

*******************************
Workshop-3
Ecriture symbolique et algèbre dans les mathématiques indiennes, d’Āryabhaţa I (Ve siècle) à Bhāskara II (XIIe siècle);

Symbolic writing and algebra in Indian mathematics, from Āryabhaţa I (Vth century) à Bhāskara II (XIIth century) 

Jean Michel Delire

Université Libre de Bruxelles / Haute Ecole de Bruxelles, Belgium

jmdelire@ulb.ac.be
Très tôt, les mathématiciens-astronomes indiens ont utilisé différents symboles pour représenter les dix chiffres du système de numération positionnel décimal, dont ils ont été les premiers à comprendre toutes les possibilités.  D’autres sortes de symboles ont été utilisés en algèbre, pour représenter les inconnues, les opérations et les fractions. Nous examinerons différents témoignages de ce symbolisme ainsi que des exemples de problèmes traités par l’algèbre indienne : résolution d’équations diverses dans le Manuscrit de Bakhshālã, d’équations indéterminées du premier degré chez Āryabhaţa et son commentateur Bhāskara I (VIIe siècle), d’équations simultanées du premier degré et de l’équation du second degré à une inconnue chez Bhāskara I ; opérations avec zéro et premières recherches sur les solutions (par composition) d’équations indéterminées du second degré chez Brahmagupta (VIIe siècle), des mêmes équations par la méthode dite cakravāla chez Śrãpati (XIe siècle) et Bhāskara II, etc. Quand cela sera possible, nous comparerons les méthodes indiennes avec les découvertes similaires appartenant à d’autres traditions mathématiques.

Very early, Indian mathematicians-astronomers began to use various symbols for the ten digits of the decimal positional system of numeration, of which potential they were aware first. Other sorts of symbols were used in algebra in order to represent unknowns, operations and fractions. We will examine several specimen of this symbolism as well as some examples of Indian algebra: resolution of various equations in the Bakhshālã Manuscript, of first degree indeterminate equations by Āryabhaţa and his commentator Bhāskara I (VIIth century), of simultaneous first degree equations and of the second degree equation in one unknown by Bhāskara I ; operations with zero and first researches of the solutions (by composition) of second degree indeterminate equations by Brahmagupta (VIIth century), of the same by the so called cakravāla method by Śrãpati (XIth century) and Bhāskara II, etc. When possible, we will compare the Indian methods with similar discoveries made in other mathematical traditions.

*******************************
Workshop-3
The mediaeval geometries: a way to use the history of mathematics in the classroom of mathematics
Marc Moyon

Centre d’Histoire des Sciences et d’Epistémologie de Lille1 & IREM de Lille

marcmoyon@gmail.com

This workshop will be in the continuity of the plenary lecture on the practical geometries in the Islamic countries. We will work in particular on Arabian texts dealing with practices of measurement. For example, we will read authors like Abû l-Wâfâ’ (m. 998), al-Karajî (m. 1023) or Ibn Tâhir al-Baghdâdî (11th century). We will try to present all these excerpts with a pedagogical perspective of the teaching of mathematics. We will illustrate notably the use of algorithms in the resolution of problems.

We will also tempt to illustrate the transmission of the Arabian mathematical practices toward the Latin world with the presentation of mediaeval texts on practical geometry written in Latin. We will study above all some problems of the Fibonacci’s Practica geometriae (1220).

The workshop will be animated in French but the slides of our presentation and all the translations of (Latin or Arabian) original texts will be in English.

*******************************
Workshop-3
Inscribed square in a right triangle
 Man Keung Siu

Department of Mathematics, University of Hong Kong, Hong Kong SAR, China

mathsiu@hkucc.hku.hk

Given a right triangle ABC with AC as the hypotenuse, it is required to inscribe a square in it, that is, to construct a square BHIJ with H on AB, I on AC and J on BC.  The question appears as Problem 15 in Chapter 9 of the ancient Chinese mathematical text Jiuzhang Suanshu (Nine Chapters of the Mathematical Art), which is believed to be compiled between 100 B.C. and 100 A.D. Although the result does not appear in Euclid’s Elements (c.300 B.C.), it appears as a particular case of Added Proposition 15 in Book VI of Euclidis Elementorum Libri XV compiled by Christopher Clavius in 1574, the first six chapters of which were translated into Chinese by Matteo Ricci and Xu Guang-qi as Jihe Yuanben (Source of Quantity) in 1607.  Two years later Xu Guang-qi wrote Gougu Yi  (Principle of the Right Triangle) in which he attempted to integrate knowledge about a right triangle contained in Jiuzhang Suanshu and in Elements. In particular, Problem 4 is about an inscribed square in a right triangle. In hindsight a generalization of the result appears as Problem 161 in Chapter 5 of Lilavati composed by the Indian mathematician Bhaskaracharya in the 12th century. Through working together on relevant passages taken from original sources we try to compare the different styles and emphases of doing mathematics in the ancient traditions of the east and of the west, to discuss the benefits obtained and difficulties encountered in trying to integrate both, and to see how we can relate the study to the modern context, especially to the classroom context.

[A worksheet with reading material from the original sources mentioned within the abstract will be prepared (translated into English) by the author and distributed in the workshop. The workshop is primarily for school teachers, but can also be adapted to be used in a class at the secondary level with pupils at the age of 13 to 15.]

Back to the top
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Historical Recreational math in math education
 Narges Assarzadegan

Education. Isfahan Mathematic House, Iran
narges.assarzadegan@gmail.com
This paper illustrates some word problems. These problems are valuable for three reasons: 1- the puzzle representation of these problems is very attractive for students; 2- since these problems are gathered from sources belong to 5th, 6th Hegira century, we can review historical culture and math history; 3- educationally, students learn translate the word problems to math symbols and apply appropriate methods to solve them. 

Amusements and mathematical puzzles attract the attention of the learner. Also, mathematical amusements represent elements of normal life and, although not factual, are approachable for not-mathematicians. This is very important to stimulate students’ interest in mathematics and to direct them to the new areas of study.

Furthermore through investigating the historical roots of recreational mathematics we can find common themes in different environments at different times, which provide proof of cultural interchanges. Also the study of what is ethno-mathematics and doing with problems that have their roots in our culture and history helps students to have a better understanding about previous ages.

The word problems are very useful for problem solving education. Students learn from these problems how to translate the problem from ordinary language to symbols and algebraic language. In some case the translations is simple but sometimes there are cases where changing the information in the problem to equations or system of equations, needs more experiment or creative ability or just more time. These problems can be adapted to students’ levels of knowledge and experience of problem solving.

The examples I have chosen are drawn from three manuscript sources:

1- Lub al hisab by Ali ibn Yusuf Monshi (6th hegira century, Persian);

2- Miftah Al Moamelat by Haseb Tabari (5th hegira century, Persian);

3- Attakmilah fel Hisab by Abu Mansour Baghdadi (5th hegira century, Arabic);

Examples :

There is a little pool with three channels; one of them can fill the pool in three days, the second in four days, and other in five days. If all three channels are open at the same time, what is the time to fill the pool?

*******************************
Oral Presentation

The yoke: (ethno)materials for math classes
Cecilia Costa, Maria Manuel da Silva Nascimento, Paula Catarino
Department of Mathematics, ECT, University of Trás-os-Montes & Alto Douro, Vila Real, Portugal mcosta@utad.pt, mmsn@utad.pt, pcatarin@utad.pt 

Rui Fernandes

Secondaru School of Camilo Castelo Branco, Vila Real, Portugal
rpedro@gmail.com
We present some contributions to the identification of the existing processes in a mathematical artefact of the agricultural region of Trás-os-Montes and Alto Douro (in the northeast of Portugal) – the yoke. 

The main aims of this study were to collect material on traditional jobs endangered in Portugal and to adapt its use in the classes of mathematics. 

We report the implementation of tasks inspired by the yoke in mathematics lessons of three classes of the 9th grade (14-15 years old) in a school of Vila Real in the school year of 2007/2008. 

This is a work in the field of etnomathematics, focusing on the study of the mathematical knowledge and the know-how of a traditional job. 

*******************************
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The Concept of Beauty among Makonde Sculptors, an Ethnomathematical Research
Ursula Andrea Verdugo Rohrer
Faculty of Mathematics, Institute for the Didactics of Mathematics, University Bielefeld,, Germany
ursula.rohrer@uni-bielefeld.de
The Makonde Plateau is located between southern Tanzania and the northern part of Mozambique. It is divided by the Rovuma river, which is also the border between these two countries. The Makonde Plateau in Mozambique is located between the River Rovuma to the north, the River Lugenda to the west, the River Montepuez to the south,  and the Indian Ocean to the east. The biggest city in it is Mueda and this is where the majority of the Mozambican Makonde people come from. According to oral tradition, the Makonde people arrived at this region about three centuries ago, when they were escaping the drought and tribal wars in the south of Niassa Lake. Unfortunately, there are not many documents on the migration in Africa three to four hundred years ago; what can be affirmed is that, even during colonization there was migration. (Fouquer, 1972)

Adams mentions already in his book that the Makonde people occupy themselves producing different wood carving-pieces such as chairs, wood masks and walking-sticks. (Adams, 1902) They exchanged these pieces for clay jars and pots from the neighbors, but some feminine figures can often be found in their own huts. For Fouquer, sculptors are trained with the art of speculation, abstraction and synthesis. In contrast to the interpretation above, Kacimi & Sulger and M. Dias point out the need of Makonde men to earn money and how they leave their creativity aside in order to produce as many pieces as possible, which they know a priori, are strongly demanded. The greatest stimulus in producing sculptures for trading was around the 1930's, with the arrival of Portuguese and missionaries at the Mueda's Plateau; they started to order different figures, from religious until political ``eminences'', eg. Jesus and the dictator Antonio de Oliveira Salazar, to the Makonde people, which can be seen as an introduction of the classical European style into their traditional one; in the present days one may find a large amount of nativity sets during the Christmas season. The pieces were formerly made with a soft wood and, in order to make the first more valuable or expensive, the sculptors started to use pau-preto (ebony wood, Diospyros ebenum) and pau-rosa (Swartzia spp.). With the increase of tourism in Africa, in the 1960's, there was also an increase in the sculpture's price and, as a consequence, an increase in the number of sculptor's which, unfortunately as M. Dias describes, brought a decrease in the quality of their pieces.

Among the type of sculptures the Makonde people produce in these days, we may find: djaman, shatani, sculptures in relief and masks (mapiko). I will discuss and present how Makonde sculptors define beauty in his sculptures and how this is related to what has been called mathematical beauty, i. e., the golden ratio. If productions have become, in some sense, more industrialized, to what extent can we consider the sculptors as artist? Some answers will be presented.

*******************************
Oral Presentation

1607, a year of (some) significance: 

Translation of the first European text in mathematics - Elements - into Chinese
 Man Keung Siu

Department of Mathematics, University of Hong Kong, Hong Kong SAR, China

mathsiu@hkucc.hku.hk

The important role played by Euclid’s Elements in western culture is well known and needs no further elaboration. Through the collaboration of the Italian Jesuit Matteo Ricci and the Chinese scholar-official Xu Guang-qi of the Ming Dynasty the first six books of Elements (more precisely, the 15-book-version Euclidis Elementorum Libri XV compiled by Christopher Clavius in 1574 and 1589) were translated into Chinese as the text Jihe Yuanben (Source of Quantity) in 1607. This talk attempts to look at the historical context that made Elements the first European text in mathematics to be translated in China, and how the translated text was received at the time as well as what influence the translated text exerted in various domains in subsequent years, if any, up to the first part of the 20th century. As the first European text in mathematics and science that was transmitted into China, Jihe Yuanben led the way of the first wave of transmission of European science into China, while a second wave and a third wave followed in the Qing Dynasty, but in a rather different historical context. Besides comparing the styles and emphases of mathematical pursuit in the eastern and the western traditions we also look at the issue embedded in a wider intellectual and cultural context.

*******************************
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Infinite Series before algebra and calculus
Alejandro Miguel Rosas Mendoza

Centro de Investigación en Ciencia Aplicada y Tecnología Avanzada, Mexico
alerosas@ipn.mx,  alerosas2000@gmail.com

In calculus books infinite series usually are studied after derivatives and integrals, mainly in Taylor Series’ form. This way we taught students that infinite series are Taylor series’ and can be expanded using derivatives only.

Indian mathematicians found many series before calculus was discovered in Europe, many of those series were expanded based in geometry. Some series were used to approximate sine values tables and 
[image: image26.wmf]p

 with thirteen exact decimals, centuries before European mathematicians.

In this poster we give a brief collection of Indian advances of infinite series expansions without using calculus. Some expansions will be shown in geometrical form.

References

Gupta, R. (1974). An Indian form of Third Order Taylor Series Approximation of the Sine. Historica Mathematica 1, 287-289.

Hayashi, T. (1997). Āryabhata’s Rule and Table for Sine-Differences. Historia Mathematica 24, 397-406

Rosas, A. (2007). Transposición Didáctica de las series numéricas infinitas. Una caracterización del Discurso Escolar actual en el nivel superior [Didactic Transposition of numerical infinite series. A characterization of the actual school speech in university level.]. Unpublished doctoral thesis. CICATA-IPN, Mexico. 
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Plenary Lecture
On the historical development of mathematics curricula und final exams at Austrian secondary schools since 1850
Maria Koth

University of Vienna, Austria

maria.koth@univie.ac.at

Abstract available shortly

*******************************
Workshop-3
Arithmetic textbooks in 18th century Icelandic manuscripts
Kristín Bjarnadóttir
School of Education, University of Iceland, Reykjavík, Iceland

krisbj@hi.is

The first printed arithmetic books in Iceland were published in the late 1780s. This does not mean that Icelanders did not have access to mathematical education. Several arithmetic textbooks in manuscripts exist from earlier in the 18th century. These manuscript textbooks are adapted to the European structure of arithmetic textbooks, formed in the late Middle Ages, with a traditional content: The number concept, numeration, the four operations in whole numbers and fractions, monetary and measuring units, extraction of roots, ratio, progressions and proportions. 

Two questions arise: Were these textbooks an Icelandic creation or were they translated and/or adapted to Icelandic, and in that case: which European textbooks were they modelled after and by whom? And secondly: for whom were the textbooks intended?   

Some texts were written for use in trade, while others had mainly educational purposes. As they were written in Icelandic and not in Latin, they were read by some part of the literate general population, presumable adolescent boys under the supervision of men of some education. 

The existence of the manuscripts shows that Icelanders made efforts to keep up with European education and literature and translate it into the vernacular as had been customary since the middle ages. Before the reformation translations had been made from Latin, but in the 18th century texts from the Northern-European protestant countries were translated. 

The likely textbook models were all written in German, and were in themselves models for education in the vernacular. The manuscripts even contain the same examples as Euler's (1738) Einleitung zur Rechenkunst zum Gebrauch des Gymnasii. It would be natural to think that the Euler's textbook had been the model, if the estimated time of the original for the manuscripts was not 1716 and 1721 so they seem to have had a common ancestor. Several other likely models will be explored.

*******************************
Workshop-3
The relationship between research on analysis and its university teaching by the end of 19th century in France
Gérard E. Grimberg, João Bosco Pitombeira, Tatiana Roque
Instituto de Matemática da Universidade Federal de Rio de Janeiro, Brasil
gerard.emile@terra.com.br tati@im.ufrj.br

This workshop aims to analyze the evolution of several key basic concepts of analysis (especially those of real numbers, continuity and derivability) in France by the end of 19th and beginning of the 20th centuries. For this purpose, we will present texts taken from research memoirs (like those of Darboux and Méray) and from university manuals (like those of Méray, Jordan and Tannery) in an attempt to show how results in Analysis developed at that time by important mathematicians such as Cantor, Weierstrass, Heine, Méray and Dedekind could emerge in university education.

Our workshop will at first show how the new concepts were differently formulated in research memoirs. Secondly, texts will be analyzed used for university teaching in order to identify the authors’ choices concerning the best way to introduce the central concepts and their inner connections to the students. 

For instance, from sources like the “Introduction à la théorie des functions d’une variable” (Introduction to the theory of functions one variable), published in 1886 by Tannery, it is possible to identify the main concern of transmitting the new architecture of analysis to students: 

“It seems to me that, in our system of instruction, the revision of principles of analysis imposes itself necessarily, as a transition between the material treated in courses of undergraduate mathematics and those studied in the facultés or in the grandes Écoles”.

Comparison between the two types of texts will enable an analysis of the relations between research and teaching in the last quarter of the 19th century in universities. Besides the idea of simply transmitting recent advances in Analysis to the students, the above quote allows to see that these novelties had a structural role in reorganizing the way mathematics was conceived, and how it should be taught.

Finally, we propose a synthesis of the main ideas, discussing today’s interest for such a study in the field of mathematical teaching: in the field of mathematics education is it still relevant to put forward the problem of the relationship between research and the teaching of mathematics? 

In short, we intend to inquire how history of mathematics and history of mathematical teaching were integrated in a specific period, but our actual concern is to construct a historical framework in order to investigate the relations between mathematical research and education.

Liste provisoire des textes choisis:

Darboux, G [1875], Mémoire sur les fonctions discontinues,  Annales sc. de l’E.N.S, 2ème série T. 4 pp. 57-112.

Meray C. [1869] Remarques sur sue la natures des quantités definies par la condition de servir de limites à des variables données, Revue des Sociétés savantes, 2ème série, T.4. pp. 280-289.

Meray [1872] Nouveau précis d’analyse infinitésimale, Paris.

Meray [1894-1898] Leçons nouvelles sur l’analyse infinitésimale et ses applications géométriques (4 vol.) Paris

Jordan [1882-1887] et [1893-96]  Cours d’analyse de l’Ecole Polytechnique (ed. Successives), Paris.

Tannery Jules, [1905] Leçons d’algèbre et d’analyse à l’usage des élèves des classes de mathyématiques spécales, 2 vol. Paris .

Tannery Jules, [1886] et [1904-1910] Introduction a la théorie des fonctions d’une variable, 2 vol., Paris.
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Workshop-3
La place des problèmes de constructions géométriques dans les ouvrages d’enseignement des Mathématiques au 19e siècle en France

Guillaume Moussard

IREM des Pays de la Loire, IUFM du Mans, Le Mans, France

Guillaume.Moussard@univ-nantes.fr

Les problèmes de constructions géométriques à la règle et au compas semblent disparaître progressivement des Eléments de Géométrie publiés au long du 19e siècle. Dans le même temps, ces problèmes apparaissent dans des ouvrages d’un genre nouveau qui posent la question des méthodes générales disponibles pour résoudre un problème de géométrie.

Nous tâcherons d’analyser la place, distincte, qu’occupent les problèmes de construction dans les Eléments de Géométrie de Legendre (1794) et dans ceux de Lacroix (1799). Cette analyse devrait nous aider à interpréter l’absence de ce type de problèmes dans de nombreux Eléments de Géométrie du 19e siècle.

Deux autres ouvrages, de la fin du siècle, nous permettront d’observer une évolution de la place et du rôle des problèmes de construction dans l’enseignement de la Géométrie. Il s’agit des Exercices de Géométrie comprenant l’exposé des méthodes géométriques et 2000 questions résolues des frères de écoles chrétiennes (1896), et des Méthodes et Théories pour la résolution des problèmes de constructions géométriques avec applications à plus de 400 problèmes, de Julius Petersen (1880).
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The European and North American universities role in the formation of the Brazilian universities: the case of the University of São Paulo

Oscar João Abdounur, Wagner Rodrigues Valente, Adriana Mattos Marafon

Universidade de São Paulo, Universidade Federal de São Paulo & 

Universidade Estadual Paulista Julio de Mesquita Fiho 
abdounur@ime.usp.br, wagner.valente@pq.cnpq.br, mattosac@rc.unesp.br

This presentation aims to analyse the processes leading to the foundation and consolidation of the first Brazilian University, the University of São Paulo, as a model of diffusion of the scientific production in this country. It is known that, since the independence of Brazil in 1822, there have been discussions about the foundation of a Brazilian university. Although it was widely agreed that it made no sense to send the elite of the ex-colony to study in Coimbra, Portugal; nevertheless, the debates about creating an university did not succeed and as a result in 1827, only juristic courses were created to appease the interests of those who were looking for the more demanding superior studies at that time.

After other attempts throughout the 19th century and in the first decades of the 20th century, the University of São Paulo was finally founded in 1934. Proposed by a group of intellectuals, this university was conceived on the French university model. Armando Salles, Julio de Mesquita Filho, Theodoro Ramos, Fernando de Azevedo were leading figures in shaping the university. Brazil was one of the last countries in America to have an university. Possibly one reason was that the several existing institutions supporting Medicine, Law, Engineering, etc worked independently of one another institutionally and politically, which led to enormous difficulties of creating integrated institutions necessary for an university. Once created, the University of São Paulo, under European influence, began to consider the question of professionalization of its staff and of the results of their work. This is considered the period of North American influence on Brazilian lands. Building on European and North American models, the University of São Paulo consolidated a reputation as the leading public university in Brazil and as the center of reference in the production and diffusion of knowledge. 

Why did attempts of create universities before the 20th century fail? How can one explain the successful creation of the University of São Paulo? How are we to explain the intensification and acceleration of the formation of universities following the creation of this university? In which way did the USP appropriate the models which were imposed upon it and turn those in creative directions in order to shape a highly productive and influential site of knowledge creation? How was a new university culture reshaped from those pre-existing in the isolated schools? A wide-ranging historical study of the constitution of the University of São Paulo, drawing on sources from French and north American centers in addition to the studies already done, will enable us to gain new insights into the fundamental processes of diffusion of knowledge in Brazil.
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An analysis of the mathematical education in Portugal in the late eighteenth century

 Nuno Miguel Antunes Dias

Departamento de Matemática, Escola Superior de Tecnologia e Gestão, Instituto Politécnico de Leiria, Centro de Matemática da UTAD
nunodias@estg.ipleiria.pt

The Portuguese University was founded in Lisbon in the late 13th century (by Papal Bull of Nicholas IV dated 9th of August of 1290) and was composed in the Faculties of Arts, Medicine and Laws. This Portuguese institution, whose localization alternated between Lisbon and Coimbra, where it settled in 1537, kept the monopoly of superior education in Portugal during about five centuries.

The teaching of the Mathematics in this institution passed long periods without teachers and its importance was secondary, in the different curricula of the University. This situation prevailed until the reform of the University of the Marquis de Pombal, in the reign of King José I, enacted by the Statutes of the University of Coimbra (1772).  These, according to Castro Freire (1872), earned the attention and respect of the most enlightened nations and intended to place the Portuguese University as one of the best of his time.

Concerning Mathematics, the Statutes stressed the importance of this science take a prominent place on the University and assigned a significant importance to the mathematical studies.  This relevance given to Mathematics by the Statutes led to the creation of the Faculty of Mathematics that presents a mathematical curriculum that we believe to be in tune with the ones in Enlightened Europe.

Our objective is to present some of the most innovative aspects introduced in the teaching of Mathematics in Portugal by the time of the reform of 1772.  We will give special attention to the discipline of the second year of the Mathematical Course, Algebra, once the Statutes themselves value its teaching.

*******************************
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A survey on the Portuguese Mathematician José Morgado Júnior: life and work

 Paula Catarino, Cecilia Costa

Department of Mathematics, ECT, University of Trás-os-Montes and Alto Douro, Vila Real, Portugal
pcatarin@utad.pt, mcosta@utad.pt

José Morgado Júnior (1921-2003) was a great Professor, a distinguished algebraist and a very special human being. His influence was more evident in his own country (Portugal) and in Brazil, where he was exiled for a long time. His work is known in some other countries. With this study we would like to contribute to an enhanced knowledge of José Morgado Júnior and of his work  

We present some phases of José Morgado Júnior’s life and work, with more emphasis in his first book (1956) on lattices and in his first paper (1983; 1984) on number theory involving the Fibonacci sequence. This book of 1956 was written during the time that he was prisoner, without any contact outside. The referred paper contains a very nice generalization of a result of Hoggat and Bergum on Fibonacci numbers.
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Bernt Michael Holmboe’s textbooks and the development of mathematical analysis in the 19th century

 Andreas Christiansen

Stord/Haugesund University College, Faculty of Teacher and Cultural Education, Stord, Norway

andreas.christiansen@hsh.no

Bernt Michael Holmboe (1795–1850) was a teacher at Christiania Kathedralskole in Norway, from 1818 till 1826. After that he was lecturer at the University of Christiania until 1834, when he was appointed professor in pure mathematics, a position he held until his death in 1850. Holmboe wrote textbooks in arithmetic, geometry, stereometry and trigonometry for the learned schools in Norway, and one textbook in higher mathematics. Some of them came in several editions, and I will in my talk focus on the first three editions of the textbook in arithmetic, the ones that were published during Holmboe’s life.

In the first half of the 19th century there was a growing demand for rigour in the foundations and methods of mathematical analysis, and this led to a thorough reconceptualisation of the foundations of analysis. Niels Henrik Abel (1802–1829) complained in a letter to Christopher Hansteen (1784–1873) in 1826 that mathematical analysis totally lacked any plan and system, and that very few theorems in the higher analysis had been proved with convincing rigour. The two mathematicians Bernard Bolzano (1781–1848) from Prague and Martin Ohm (1792–1872) from Berlin made important contributions to the definition of real numbers, and their works were known to Abel.

The teaching of mathematics was also an important motivation for this rigourisation, and I will try to demonstrate that the textbooks of Holmboe reflected the contemporary develop​ment in mathematical analysis.
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Teaching Linear Algebra in the Portuguese Universities I: The case of University of Coimbra

Cecilia Costa

Department of Mathematics, ECT, University of Trás-os-Montes and Alto Douro, Vila Real, Portugal
mcosta@utad.pt

Edgar Pereira 

Department of Informatics, IT, University of Beira Interior, Covilhã, Portugal

edgar@di.ubi.pt

José Vitória
Department of Mathematics, University of Coimbra, Coimbra, Portugal

jvitoria@mat.uc.pt
We study the evolution of the teaching of Linear Algebra in Mathematics, Sciences and Engineering courses in Portuguese universities.

Initially elementary Linear Algebra topics, such as: matrices, determinants and linear systems, were taught in other disciplines of Mathematics.

With a great reform of university studies in early 1970’s, Linear Algebra emerged as a separate discipline for Mathematics and Engineering courses in Portuguese universities.

In this work we specify the case of the University of Coimbra. 
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Events and Protagonists in the History of ICMI

Fulvia Furinghetti

Dipartimento di Matematica, Università di Genova, Italy
furinghe@dima.unige.it

Livia Giacardi

Dipartimento di Matematica, Università di Torino, Italy 
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Among the initiatives to celebrate the centennial of the foundation of the ICMI, a website was created under the direction of Fulvia Furinghetti and Livia Giacardi (http://www.icmihistory.unito.it/). Its aim is to delineate the most significant events and the key figures of the first century of ICMI through documents, published and unpublished, images and interviews, and above all to collect - with references to the original sources - all the information useful for reconstructing the history of this important commission. 

The site is divided into various sections: Timeline, Portrait Gallery, Documents, The Affiliated Study Groups, The International Congresses on Mathematical Education, and Interviews and Film Clips. In particular the Timeline presents the most important moments in the history of the ICMI (people, congresses, interactions with other entities, etc.)., with each fact documented by the original sources and documents. To keep it from being too dry, it is rich in images and citations that bring the protagonists to life. The Portrait Gallery offers a complete list of ICMI officers and biographic cameos (more than 50) of those who have passed away. Very precise criteria were used in compiling the biographies so as to respect the nature and aims of the website: the goal was to make evident each person’s role within the ICMI, his contributions to studies concerning mathematics teaching, and his publications expressly dedicated to education.

For the authors of the website, working on this enterprise offered an occasion for reflecting on some aspects of the life of ICMI, in particular, on some key ideas that led to its birth, its growth and the changes both in Commission’s policies and in its methodological approaches to problems .

In our paper we walk through the Portrait gallery, singling out some of the most important protagonists of the history of ICMI. Focusing on these chief characters and their contributions, we will look at the history of ICMI from the perspective of the men who built it, and we will offer flashes of lesser-known aspects that came to light after a reading of the documents housed in the ICMI Archives in Helsinki. Moreover we will present some statistical data concerning the life of ICMI (people, countries, meeting, etc.) 
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Pour répondre à l’exigence de former les futurs enseignants et de garantir ainsi un niveau plus élevé de l’enseignement secondaire, le ministre Ruggero Bonghi institue en 1875 des écoles pour la formation des enseignants (Scuole di Magistero) qui subissent de nombreuses modifications et survivent jusqu’en 1920, année où est décrétée leur suppression. L’année suivante le ministre O. M. Corbino instaure une maîtrise “mixte” en sciences physiques et mathématiques en vue d’habiliter les jeunes à l’enseignement des matières scientifiques dans le secondaire et en 1922 sont expressément institués pour la maîtrise mixte “des conférences et des travaux pratiques didactiques et méthodologiques en  physique … ainsi qu’un cours de mathématiques complémentaires” sur les secteurs supérieurs des mathématiques plus étroitement liés aux mathématiques élémentaires, accompagné de travaux pratiques didactiques et méthodologiques”.

L’histoire des Scuole di Magistero est particulièrement tourmentée comme le montre le grand nombre d’arrêtés qui les concernent et, dans la plupart des cas, elles étaient tout à fait inaptes à affronter sérieusement le problème de la formation des enseignants. Les raisons sont multiples : tout d’abord les professeurs qui y enseignaient étaient les mêmes que ceux des cours institutionnels et n’ayant aucune pratique d’enseignement dans le secondaire, à quelques exceptions près, ils étaient peu préparés sur les questions pédagogiques et de méthode. Par ailleurs les structures (bibliothèques, laboratoires, etc.) et le matériel didactique étaient le plus souvent inexistants, le nombre d’heures prévues était inadéquat et les financements insuffisants. Il faut ajouter à ces facteurs le rôle de second plan auquel étaient relégués les enseignants du secondaire par rapport à leurs collègues universitaires, et ceci se répercutait inévitablement sur l’importance attribuée à leur formation. 

Dans mon intervention je présenterai une brève histoire institutionnelle des Scuole di Magistero en Italie de 1875 à 1920, en réservant une attention particulière aux dispositions législatives les plus significatives, à la contribution de l’Association Mathesis à partir de son premier congrès national en 1898 à Turin jusqu’à celui de Naples en 1921 [Nastasi 2002, Giacardi 2006-2008] ainsi qu’aux débats entre mathématiciens (A. Padoa, G. Loria, S. Pincherle, G. Castelnuovo, G. Fano, etc.). Puis je m’attarderai sur les contributions de certains des membres de l’école italienne de géométrie algébrique - Corrado Segre, Enrico Castelnuovo et Federigo Enriques - à la formation des enseignants : les cours tenus dans les Scuole di Magistero, les initiatives éditoriales, les propositions à caractère institutionnel, ... J’essaierai aussi de mettre en évidence les thèses méthodologiques qui les guident ainsi que l’influence de Felix Klein.  Je terminerai en présentant certains aperçus sur les débats liés à la réforme de l’école mise en œuvre en 1923 par le philosophe néo-idéaliste Giovanni Gentile qui, identifiant le “savoir” avec le “savoir enseigner”, affirmait que la formation de l’enseignant consistait uniquement en une “véritable, profonde et authentique préparation scientifique”.
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Julius Ruska was born in Bühl in Baden in 1867 and died in Schramberg in 1949.Both towns belong to the Schwarzwald  (Black Forest)  region of Germany. At the timeof Ruska’s birth a few years before the foundation of the German Empire Bühl belongedto the Grand Duchy of Baden. Ruska died a few months before the Federal Republicof Germany was fonded.

Ruska spent his life in his home town, in Strassburg (then in Germany), in Heidelberg,in Berlin, and at last in Schramberg back in the Black Forest. Only a few times at all heleft Germany, just for excursions and short holiday breaks. In his professional andscientific career he dealt with many different topics, mainly in the far away Near East.
After finishing school in 1884 Ruska studied in Strassburg, Heidelberg, and Berlinmathematics and science. During his first period as a schoolteacher in Heidelberg from 1890until 1912 he studied oriental languages in Heidelberg. His dissertation (1896) on the quadrivium of Severus Bar Shakku (13th century in Mesopotamia) was already on oriental  mathematics and science. From 1914 till 1924 he was again a school teacher.

From 1924 until 1927 Ruska worked in the “Institut für die Geschichte der Naturwissenschaften” in Heidelberg which was supported by Goldschmidt’s foundation“Von Portheim-Stiftung”. Then he moved to Berlin where he worked in a similarinstitute till 1937.

Ruska’ list of publications consists of more than 200 items, including such different topics as pedagogics, geology, chemistry, alchemy, biology, mathematics, astronomy, philosophy, and theology. Till 1922 the focus is on didactics and pedagogics of the different school topics he taught. After 1922 most of his publications are concerned with alchemy and other topics in the history of science, mainly oriental science. 

In my talk I shall focus on Ruska’s work in didactics and history of mathematics and sciences, mainly on questions concerning the Islamic and Arabic culture. Moreover, I shall discuss some peculiar papers of him such as “Schulelend und kein Ende”.

Today Ruska is nearly forgotten in Heidelberg and Germany as well as the fate of his institutein Heidelberg. He seems to be better known in some countries in the Near East.

*******************************
Oral Presentation

Alois Strnad-teacher and organizer of writing competition on mathematics in Czech countries

Karel Lepka

Masaryk University, Faculty of Education, Department of mathematics, Brno, Czech Republic
k.lepka@email.cz
Association of Czech mathematicians and physicist organized on pages of Journal for pursuing mathematics and physics written competition (see K. Lepka: E. and K. Mathematics Olympics, ESU 5). At the end of 19th century Alois Strnad (1852-1911) was a leading person in this matter. He published more than 500 exercises on Journal, these exercise were solved by students in Czech countries. The number of exercises was enormous, we can see without A. Strnad the Olympics would not survive. These exercise were both on algebra and geometry.

Strand was although a good teacher, he taught at secondary schools (gymnasium) in Hradec Králové, Praha-Ječná and Kutná Hora, at the last school he was appointed as a director. He is author of several exercises books for secondary schools. The exercise book Geometry for higher real schools was translated into Bulgarian and used on local secondary schools in this country.

Strnad published although about 30 papers, mostly in Czech. This papers dealt with various branches on mathematics were related to the topics, which were taught at secondary scools (triangles, regular polygons, solving of the equation and so on). We mention his authorship of about 70 points in Otto’s encyclopedia as a curiosity. 

Alois Strnad is remarkable personage of the Czech educational system of the end of 19th century and of the beginning ov the 20th century and his name should not be forgotten
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Modern mathematics reform spread through many countries during the 1960s and 1970s producing changes in the representations of learning, of mathematical content, of the social roles of mathematics, and in classroom teaching practices. This paper focuses on changes in pedagogical content knowledge to appropriate the new ideas. It is a part of a larger comparative study on modern mathematics in Brazil and Portugal.

From 1965, a network of schools for 10 and 11 years-old supported by televised lessons was gradually put in place by the Portuguese Ministry of Education, in an effort to enlarge schooling after primary school, as demanded by economic development. Students that attended the Postos (the name of those schools) and finished the two-year course could enrol in the 7th grade of secondary schools. By 1968, this system that became known as Telescola covered the entire country, especially in remote areas.

Modern mathematics was gradually incorporated into these televised classes providing an experimental field for their later generalization to the entire population of 5th and 6th graders. Mathematics classes in Telescola were actually the first experience in the dissemination of the new ideas through an entire school sub-system in Portugal.

This study encompasses three dimensions aiming at understanding changes in pedagogical content knowledge (PCK) at this level:

1) a longitudinal study from 1965 to 1970 of all the broadcasted mathematical lessons;

2) interviews of the teacher which prepared and enacted them on the screen, António Augusto Lopes;

3) documental analyses of legal papers, articles, gray literature, among other materials.

Qualitative procedures, especially content analysis, were performed.

The gradual shaping (bricolage) of PCK was observed, as the new ideas were put to practice, either in front of the TV cameras, in small-scale experiments in actual schools, or in teacher education settings. The study also traces the influences of other educators and institutions in the ways in which PCK was developed.
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The concept of a tangent line to a curve was, from the beginning, present in the history of mathematics. 
Despite being a concept that is considered elementary, this is still not fully understood by teachers and students of primary and secondary school. As revealed in the studies carried out by Viner and in Portugal by Alexandra Gomes and Elfrida Ralha, primary and secondary school teachers, early-stage or in more advanced stages of their academic path, experience difficulties in presenting a definition of a concept they teach their students. Although this is a concept widely discussed in academic courses in mathematics in Portugal (from secondary school to higher education) teachers continue with a mental image of the erroneous concept, which prevents their proper education.

The study of the historical evolution of this concept proves to be a source of knowledge and enlightenment that can lead to a better understanding of the concept by students and teachers. 

In 1772 Marquês de Pombal reorganized the University of Coimbra, establishing in Portugal the first Faculty of Mathematics of the world. The statutes that govern the faculty say that the concept of a tangent line to a curve is to be taught in the second year of mathematics course. The books offered for this year, including translations made by Monteiro da Rocha of the work of Étienne Bézout “Elementos de Analisi Mathematica”, and teaching materials used at the time show how a concept widely studied in Europe comes to Portugal. 

Back to the top
�The term “complementary” is used in a way close to the way it was used by N. Bohr to describe the microphysical reality and subsequently was raised to a general conceptual tool to understand reality (see Bohr 1934, 1958). 


� Swetz, Learning Activities from the History of Mathematics, p. 2.


� E.g., see our paper in the proceedings of HPM2008 and references there in.


� In some cases Excel was also used to treat other, more complex related examples of data.


�When only the generic model of moving particles is used, this property has a very interesting and clear interpretation (in fact, it is equivalent to an important physical property), but its justification cannot be established on simple physical grounds, but otherwise, e.g. algebraically; in our previous teaching, students’ request to justify this property on physical grounds using this model was not satisfied.
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